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Preface

Power electronics is entering into all kinds of energy processing systems – for
many reasons – as it is a key technology to interface renewable energy sources into
the grid and this field is booming; it is a technology, which, in many applications,
ensures that an application is saving energy (e.g., in motor drives and lighting), the
transportation is becoming electrified, and the industrial automation could not work
without power electronics. It is the working horse in the modern society.

To master the power electronics technology we normally say that we have to
understand the power, electronics, and control – it is a kind of multidisciplinary
discipline – in the last years, more demands have also been on understanding the
reliability of the system combined with an insight into the loading/environment of a
power electronic system experience. The design of a power electronic system then
becomes much more complicated and much information is needed in order to do a
proper design. The control system is an important part of the power electronic
system as mentioned above. As the ‘‘brain,’’ the control technology enables the
power electronic system to precisely and flexibly process power. Without a proper
control design the system might be unstable and have poor reliability.

It is very common for power electronic systems to experience periodic signal
processing, such as synchronous frame transformation, sinusoidal current regula-
tion, sinusoidal voltage conditioning, and power harmonics mitigation. Classical
controllers (e.g., the proportional integral controller) are not able to remove the
dynamic periodic error completely. The residual periodic error will not only
degrade the power quality but also even affect the stability and reliability of the
electrical power systems. Thus it is a very interesting topic to investigate the
internal model principle (IMP)-based periodic control solution for power electronic
converters to tackle periodic signals. The name of ‘‘periodic control’’ clearly
indicates that it is tailor-made for periodic signals. The foundation of the IMP was
first championed by B. A. Francis and W. M. Wonham in 1976, which states that
perfect asymptotic rejection/tracking of persistent inputs can be attained by repli-
cating the signal generator in a stable feedback loop. The first IMP-based periodic
control solution called repetitive control, which was presented in the 1980s, can
achieve exact regulation of any periodic signal with a known period. Since then
many scientists and engineers have made significant contributions to its both
theoretical advancements and practical applications, especially its applications to
power electronics. The IMP-based periodic control has yet been found to provide
power electronic converters with a superior control solution to the compensation of
periodic signals with high accuracy, fast dynamic response, good robustness, and



cost-effective implementation. As an emerging topic, the periodic control has the
great potential to be one of the best control solutions for power converters but not
limited to, and to be a very popular standard industrial controller such as the pro-
portional–integral–derivative (PID) control.

This book contributes to this discipline combined with power electronics
applications/examples. It lays a foundation of the IMP-based periodic control theory
with basic theory, derivation of applied equations, knowhow on the control synthesis,
and some most recent progress. The book also gives several design and application
examples, which can be fruitful in future controller designs, and the control methods
are in some cases already applied in the industry. The book fills a gap in power
converter control and it is the expectation that it will contribute both to student
training and new research as well as being applied in many new products.

Have a nice reading in this exciting topic.

x Periodic control of power electronic converters



Chapter 1

Introduction

1.1 Background

Power electronics technology plays a pivotal role in improving the performance,
efficiency, reliability, and security of the electrical power systems. It is a key
enabling technology not only for the coming smart electrical power systems but
also to create a more sustainable society. In this chapter, we will have a look at
power, electronics, and control with an insight into the development of the power
electronic systems and their control.

1.1.1 Trends in electrical power systems
Being evolved from 1896, the electrical power grid is the largest machine. Today,
around 40% of all energy consumption is in electrical energy, but this will grow to
60% by 2040 [1], and maybe even more. A traditional power grid with unidirec-
tional power flow and vertical operation and control is exemplified in Figure 1.1,
which consists of central fossil-fueled (oil and coal), nuclear and/or large hydro
power generation plants, a high voltage transmission system for carrying power
closer to the consumers over long-distance transmission lines, and low voltage
distribution networks for transferring power to the consumers over distribution
lines. Less energy efficiency and more expensive cost due to long-distance power
transmission, poor power security due to the centralized generation structure, poor
reliability due to slow response, and poor visibility-caused blackouts due to limited
real-time grid information, hinder the traditional power grid from offering a clean,
sustainable, affordable, and reliable power supply for our lives.

Growing electricity demand, rising cost of limited fossil fuel, and increasing
pressure to reduce greenhouse gas emission drive the electricity network toward a
more distributed, greener and smarter power grid. The electricity network is
undergoing the natural evolution from a conventional network with centralized
large-scale power generation plants, long transmission lines, and passive dis-
tributed systems to a smart grid structure with large-scale deployment of small-size
renewable distributed generators (DGs) within distribution systems in many
countries [1–3]. For example, there are about 12 million DG units installed across
the United States, with a total capacity of about 200 gigawatts [3]. The advent of
large amounts of clean renewable energy (such as wind and solar) DGs gives rise to
a series of new challenging problems, such as the mitigation of intermittency due to
renewables, bidirectional power flow regulation within the distribution networks



and active consumer participation in energy management, and so on. Information
and communication technology (ICT) for sensing, communication, and control, and
power electronics for active power processing are the two key enabling technolo-
gies for smart grids. Figure 1.2 shows a possible case of a more distributed, greener
and smarter power grid.
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Figure 1.1 Architecture of a traditional electrical power grid based on oil,
nuclear, and coal
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Figure 1.2 A possible more distributed, greener, and smarter power grid:
(a) system architecture with renewables and (b) energy and
information flows within the grid
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1.1.2 Role of power electronics
Generally, power electronics is the process of using semiconductor switching
devices to control and convert electrical power flow from one form to another to
meet a specific need. As shown in Figure 1.3, it enables efficient, flexible conver-
sion and conditioning of electrical power for the needs of different loads and for the
purpose of energy savings and efficiency improvements in the electrical power
systems. Modern power electronics started with the development of the first half-
controllable semiconductor switch – the thyristor or silicon controlled rectifier
(SCR) in Bell Laboratory in 1957 [3]. As shown in Figure 1.4, toward low power
losses, fast switching, easy control, and high operation temperature, the evolution of
switching power devices, which is the muscle of power electronic systems, bench-
marks the history of power electronics. At the same time, significant achievements
in the fields of micro-electronics, control theory, and informatics equip modern
power electronic systems with ‘‘brain and nerves’’ as shown in Figure 1.5 [3], and
significantly stimulate the development of power electronics. Nowadays it is widely
used to process power from milliwatts customer electronics to gigawatts high vol-
tage DC (HVDC) transmission, with conversion efficiencies typically in the excess
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of 90% and up to 98% for large systems. Today, wide-bandgap devices (e.g.,
silicon-carbide and gallium-nitride devices) seem to be able to achieve efficiencies
higher than 99% [2]. More than 40% of the electrical energy is processed by power
electronic systems in 2008. The number of electrical devices by controlling
power electronics keeps increasing in electrical power systems, especially a large
amount of power converter-interfaced DGs, energy storage systems (ESS, e.g.,
electric vehicles), loads, and distributed flexible AC transmission systems
(DFACTS) being integrated into the distribution network [4–7].

Many issues come into the spotlight with the advent of DGs into distribution
networks, such as power quality, voltage profile, reactive power and voltage

SiC diodes
SiC MOSFET, JFET, BJT

GaN power devices (2010s)
Cost reduction of wide-bandgap power devices
Improved performance of silicon power devices

Intelligent power stacks
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Figure 1.4 Evolution of the power electronics semiconductor technology
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Figure 1.5 Power electronic converter system, where vin, iin, fin and vout, iout, fout
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control, contribution to ancillary grid services, ride-through capability of DGs to
withstand faults or disturbances, protection aspects, islanding and islanded opera-
tion, and so on [8,9]. These power converter interfaces electrically decouple DGs
from the grid, and render versatile power control functions to improve the overall
system efficiency, quality of the electricity supply, and operating conditions. It is
impossible to achieve a massive integration of DGs, ESS, and loads without power
electronic interfaces (i.e., power converters) into the grids.

Figure 1.6 gives a general system structure for DGs (including ESS/loads/
DFACTS) with a power converter interface, which would provide power con-
ditioning functionalities for grid forming, grid feed-in, or grid supporting upon
grid-side demands. For examples, as shown in Figure 1.7, grid-connected wind
power generators or PV power plants mainly feed active power into the grid, and
would inject reactive power to shape voltage profile at the point of common cou-
pling (PCC) or help to sustain riding through grid faults. In the case of an ESS and
vehicle to grid (V2G) plug-in electric vehicles, peak load leveling by ‘‘valley fill-
ing’’ (charging when the demand is low), and ‘‘peak shaving’’ (discharging power
back to the grid when the demand is high) can be achieved [2,3]. At the PCC,
nonlinear loads, e.g., diode rectifier interfaced compact fluorescent lamps (CFL)
and/or adjustable speed drive (ASD) systems, produce high current harmonics
distortions, which may cause equipment malfunction, overheating transformers,
efficiency degradation, and resonance. Consequently, DFACTS devices, e.g.,
active power filters, are exclusively employed to mitigate harmonics distortions
and compensate reactive power. With a wide deployment of DGs, power converter-
interfaced DGs will become major interactive players in the distribution network,
and in many cases, it is already the case. The control of these grid interactive power
converters will significantly affect power quality and even determine the stability
of the existing and future grids.

1.1.3 Control of power electronic systems
Being the ‘‘brain,’’ control technology enables power converters to precisely and
flexibly convert and regulate the electrical power for the needs of different DGs,
loads, and transmission devices, underpins power conditioning functionalities of
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Load/
Generator/
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DC or AC AC 2/3

Transformer

Power Grid

Power Converter

Bidirectional Power Flow

Control and
Monitoring

Reference
(Local/Centralized)

Figure 1.6 A general system structure for power converter-interfaced DGs
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grid interactive converters, and consequently influences the power quality and the
stable operation of the electrical networks. For example, under unbalanced grid
voltages caused by grid faults or severe load imbalances, for a grid-connected wind
turbine system with power converter interfaces, one synchronous reference frame
(SRF) current controller will lead to unexpected power flow oscillations due to the
interaction between positive-sequence and negative-sequence voltages. Therefore,
dual SRF current controllers [10], one for the positive-sequence and the other for
the negative-sequence reference frames, are needed to independently regulate the
positive- and negative-sequence currents to avoid unexpected power flow oscilla-
tions and ride through grid faults/disturbances. In addition, for three-phase DC–AC
power converters [11–13], the interaction between fundamental frequency feed-in
current and inherent sixth-order harmonic ripples in the DC-link voltage may
degrade the power quality by injecting 6k � 1 order harmonic pollutions into the
feed-in currents. Similarly, for single-phase DC–AC power converters, the voltage
ripples with twice the grid fundamental frequency in the DC-link may deteriorate
the quality of the feed-in current.

To further illustrate how the control method for power converters poses the
issue of power quality, an example of a single-phase grid-connected DG converter
is examined in detail. One of the most important requirements for the inverter is to
feed good quality AC power with less than 5% total harmonic distortion (THD) of
its current at the PCC in accordance with the IEEE 519 standard [14,15].

DFACTS

Diesel
Generator

Lighting, Appliances

Adjustable Speed Drives

Transformer

Main
Grid

Motor

Figure 1.7 A power electronics-based micro-grid system with a connection to the
main grid
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For the single-phase grid-connected DG system shown in Figure 1.8, it can be
described as:

dig

dt
¼ 1

L
vinv � vg

� �
dvdc

dt
¼ 1

C
idg � idc

� �
8>><
>>: (1.1)

where ig is the feed-in current into the grid, vinv is the PV inverter output voltage, vg

is the grid voltage at the PCC, idg is the output current from the DG unit, and idc is the
DC-link current. If the inverter output voltage vinv or the grid voltage vg contains
any low-order harmonics, the injected feed-in current in the AC side current ig can
be written as:

ig ¼ 1
L

ð
v1

inv þ
Xn

h¼2

vh
inv

 !
� v1

g þ
Xn

h¼2

vh
g

 !" #
dt

¼ 1
L

ð
v1

inv � v1
g

� �
dt|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

i1g

þ
Xn

h¼2

ih
g;C �

Xn

h¼2

ih
g;G (1.2)

with

ih
g;C ¼ 1

L

ð
vh

invdt and ih
g;G ¼ 1

L

ð
vh

gdt (1.3)

being the feed-in current harmonics induced by the inverter output voltage har-
monics vh

inv and the grid voltage distortions vh
g respectively, i1g , v1

inv, and v1
g, repre-

senting the fundamental components of the feed-in current ig, the inverter output
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Figure 1.8 Overall structure and control of a grid-connected single-phase PWM
inverter system
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voltage vinv, the grid voltage vg, and h being the harmonic order. It should be
pointed out that the grid voltage harmonics are normally uncontrolled background
distortions, which are induced by the nonlinear loads and nonlinear behaviors of the
components. Fortunately, (1.2) implies that the current harmonics ih

g;C induced by
the grid voltage distortions can be eliminated by the controllable inverter output
voltage vinv if a proper control method and/or modulation technique is applied to
the grid-connected inverter. The following will illustrate how the inverter output
voltage harmonics are generated, which in turn affects the feed-in grid current
quality seen from (1.2) and (1.3).

Without loss of generality, neglecting high-switching frequency harmonics,
the average pulse-width modulation (PWM) output voltage vinv of the inverter can
be written as:

vinv ¼ dpwmvdc ¼ d1
pwm þ

Xn

h¼2

dh
pwm

 !
ðVdc þ ~vdcÞ

¼ d1
pwmVdc þ d1

pwm~vdc þ Vdc

Xn

h¼2

dh
pwm þ ~vdcdh

pwm

¼ v1
inv þ

Xn

h¼2

vh
inv (1.4)

where �1 � dpwm � 1 is the normalized output of current controller in the linear
modulation region and the input of the PWM modulator shown in Figure 1.8,
d1

pwm and dh
pwm denote the fundamental component and harmonics of dpwm,

respectively, Vdc and ~vdc are the DC and AC components of the DC-link voltage vdc

(i.e., DC-link capacitor voltage). Note that the high-order term ~vdcdh
pwm can be

ignored for simplicity, since it also can be filtered out by the low-pass inductor
filter.

It is demonstrated by (1.4) that the harmonic components vh
inv of the inverter

output voltage vinv are induced by the control output harmonics d h
pwm and the DC-

link voltage variation ~vdc. As a consequence, according to (1.3), the injected current
will inevitably inherit the harmonics, and thus the power quality will be affected.
Furthermore, it can also be observed in (1.4) that it is possible to apply appropriate
Vdcdh

pwm to eliminate the corresponding harmonics distortions in d1
pwm~vdc if the

inverter controller is properly designed; otherwise Vdcdh
pwm would even deteriorate

the feed-in current quality. The above analysis reveals how the inverter output
voltage will affect the grid current quality.

Regarding the DC-link voltage variation ~vdc, prior-art study has shown that
~vdc mainly contains a double-grid frequency component [14,15]. It should be
highlighted that the DC-link voltage variation ~vdc is inherently induced by the
single-phase DC–AC conversion; in other words, it comes from the energy con-
servation principle – the instantaneous power balance between the DC side and
AC side of the single-phase inverter. For a better understanding of the origin
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mechanism of the DC-link voltage variation, let us assume the fundamental grid
voltage v1

g , the fundamental grid current i1
g, and the inverter output voltage v1

inv as:

v1
g ¼ ffiffiffi

2
p

V 1
g cos w0t þ jð Þ

i1
g ¼ ffiffiffi

2
p

I1
g cos w0tð Þ

v1
inv ¼ ffiffiffi

2
p

V 1
g cos w0t þ j� j1ð Þ

8>><
>>: (1.5)

with w0 and j being the grid fundamental angular frequency and the power angle,
respectively, j1 being the phase angle between the input voltage and the inverter
output voltage, and q¼w0t being the phase of the input voltage.

From Figure 1.8, the inverter input instantaneous power pdc at the DC side and
the inverter output instantaneous power pinv can be respectively obtained as:

pdc ¼ vdcidc ¼ pdg � vdcC
dvdc

dt
¼ vdcidg|ffl{zffl}

active power

� CVdc
d~vdc

dt
þ C~vdc

d~vdc

dt

� 	
(1.6)

pinv ¼ vinvig ¼ V 1
invI1

g cos j� j1ð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
active power

þV 1
invI1

g cos 2w0t þ j1 � jð Þ

þ i1
g

Xn

h¼2

vh
inv þ v1

inv

Xn

h¼2

ih
g

 !
þ OðhÞ

(1.7)

Being used for power decoupling between the DC side and the AC side,
the DC-link capacitor C is to handle the reactive power flow with DC-link
voltage variations. Neglecting the inverter losses gives pinv ¼ pdc and pdg ¼
vdcidg � V 1

invI1
g cos ðj� j1Þ. In most cases, due to Vdcj j � ~vdcj j, ji1gj � jih

gj,
and jv1

invj � jvh
invj, the high-order terms of C~vdcd~vdc=dt in (1.6) and v j

invik
g

( j, k ¼ 2; 3; :::; n) in (1.7) can be ignored, and then pinv ¼ pdc will lead to:

~vdc � �
ð

V 1
invI1

g

CVdc
cos 2w0t þ j� j1ð Þ

 !
dt (1.8)

which confirms that a major part of the DC-link voltage variation for single-phase
inverters is a double-grid frequency component.

Equation (1.8) implies that, for a given inverter, the amplitude of ~vdc is pro-
portional to the grid voltage level V 1

inv and the feed-in current level I1
g , and varies

with the power angle j. Moreover, a larger DC-link capacitor value C and the DC-
link voltage Vdc will lead to a smaller DC-link voltage variation ~vdc [14,15]. The
phasor diagram in Figure 1.9 illustrates the relationship among the fundamental
frequency grid voltage v1

g, feed-in current i1
g, and inverter output voltage v1

inv. It can
be seen in Figure 1.9 that the amplitude of ~vdc will reach its maximum value at
j ¼ 90�:
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Furthermore, according to (1.2)–(1.4), it can be concluded that the product of
d1

pwm~vdc will introduce harmonics into the inverter output voltage vinv, and further
bring harmonics into the feed-in current ig. Equation (1.8) shows that ~vdc mainly
contains harmonics with a double-grid frequency of 2w0. Therefore, d1

pwm~vdc will
produce third-order harmonics with a frequency of 3w0 in vinv, and consequently
results in third-order harmonics appearing in the feed-in current. That explains why
the third-order harmonics distortion dominates in the feed-in current from single-
phase grid-connected inverters.

The previous example illustrates the mechanism of harmonic current injection
from grid-connected single-phase converter. It is also clearly demonstrated that, for
a given power converter, to a great extent, the associated power quality is deter-
mined by the control strategy. In the following section, we will discuss how to
develop desired control strategies for power converters.

1.2 Periodic control of power converters

As shown in Figure 1.7, both sinusoidal grid voltages from the main grid and
synchronized feed-in currents from all grid-connected power converter-interfaced
DGs are periodic signals. Moreover, the majority of the current/voltage dis-
turbances from grid-connected loads and the current/voltage compensations from
DFACTS are also periodic signals. The regulation of periodic voltages/currents for
grid-interactive power converters will significantly affect power quality and even
determine the stability of the electrical power systems. It is a challenging but very
interesting job to investigate high-performance control solutions for power con-
verters to tackle periodic signals with high accuracy, fast dynamic response, good
robustness, and cost-effective implementation.

2

4

32

= jω0Li
1
g + 

jω0L

4

3

1

ϕ1
ϕ O2

O1

v1
inv

→

v1
inv

→

v1
inv

→

v1
g

→

v1
g

→

v1
g

→→

i1g
→

i1g
→

jω 0L
i1 g→

1

Figure 1.9 Fundamental frequency phasor diagrams for a grid-connected single-
phase PWM inverter system
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In this section, we will examine a class of disturbance rejection and reference
tracking methods in which the disturbances or reference signals are periodic sig-
nals. In this scenario, the controller can reject these disturbances or track the
references by incorporating the model of the disturbance or the reference signal
within itself. This approach is known as internal model principle (IMP), first
championed by B. A. Francis and W. M. Wonham (1976) [16,17]. Hereafter, all
IMP-based control methods for rejection and tracking of periodic signals are named
Periodic Control in this book. Periodic control of power converters will be
discussed.

1.2.1 Basic control problem for power converters
The very basic control problem for a control system is how to force its output signal
to accurately, fast, and robustly track the reference input signal. Figure 1.10 shows
the diagram of a typical feedback control system, where GcðsÞ is the feedback
controller, GpðsÞ is the control plant, dðsÞ is the disturbance, rðsÞ is the reference
voltage/current, and yðsÞ is the output voltage/current. The transfer functions for
such a power control system can be written as follows:

yðsÞ ¼ GcðsÞGpðsÞ
1 þ GcðsÞGpðsÞ rðsÞ þ 1

1 þ GcðsÞGpðsÞ dðsÞ (1.9)

and

eðsÞ ¼ rðsÞ � yðsÞ ¼ 1
1 þ GcðsÞGpðsÞ rðsÞ � 1

1 þ GcðsÞGpðsÞ dðsÞ (1.10)

Theoretically, according to (1.10), for a given control plant Gp(s), if the feed-
back controller GcðsÞ ! 1, we will have yðsÞ ! rðsÞ even in the presence of
disturbance d(s). It means that GcðsÞ ! 1 will enable the closed-loop control
system to exactly track a signal of any frequency. However, it is an impossible
mission to stabilize such a closed-loop control system with such a controller
GcðsÞ ! 1 in practical applications.

Fortunately, for many power converter systems, their reference input signals
rðsÞ and disturbances d(s) are periodic signals, e.g., sinusoidal feed-in current
reference signal for grid-connected converter-interfaced DGs, sinusoidal output
voltage reference signal for stand-alone converter-interfaced uninterruptible power
supply (UPS), and targeted current harmonics distortions for active power filters.
According to the Fourier series analysis, any periodic signal can be decomposed
into the sum of a (possibly infinite) set of simple sine and cosine harmonics

e(s)

d(s)

y(s)Gc(s) Gp(s)r(s)
++

–
+

Figure 1.10 A typical feedback control system with a disturbance
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(including a DC signal). This implies that, for power converter control systems, the
simplified control problem is how to produce GcðsÞ ! 1 only at the interested
harmonic frequencies for forcing yðsÞ ! rðsÞ while still maintaining a fast transient
response, guaranteeing robustness, and being feasible to implement. Such a pro-
blem is called periodic control problem of power converters.

1.2.2 Internal model principle (IMP)
If the reference signal, or deterministic disturbance xðtÞ, is generated by an external
system or satisfies a known linear differential or difference equation [18], e.g.:

dn

dtn
xðtÞ þ an�1

dn�1

dtn�1
xðtÞ þ . . .þ a1

d

dt
xðtÞ þ a0xðtÞ ¼ 0 (1.11)

with ai (i ¼ 0, 1, 2, . . . , n�1) being the differential equation coefficients and n
being the equation order, the Laplace transform can be obtained [18] as:

X ðsÞ ¼ L xðtÞf g ¼ fxð0; sÞ
sn þ an�1sn�1 þ . . .þ a0

¼ fxð0; sÞ
GxðsÞ (1.12a)

where fxð0; sÞ is a polynomial function of s because of initial conditions (i.e., xð0Þ,
_xð0Þ, €xð0Þ, etc.), and GxðsÞ is the denominator of the function X(s).

The denominator GxðsÞ that contains all complex poles pi of the function X(s),
can be rewritten as:

GxðsÞ ¼
Yn

i
ðs � piÞ

It is well known that the inverse Laplace transform of X(s) in (1.12a) can be
represented as a linear combination of epit:

xðtÞ ¼ L�1 X ðsÞf g ¼
Xn

i¼1

Cie
pit (1.12b)

in which the complex coefficient Ci is determined by the initial condition function
fxð0; sÞ. Apparently, (1.12b) indicates that epit can be treated as the general basis
function for the signal x(t) in the time domain.

Correspondingly, in the s-domain, the signal X(s) can also be represented as a
linear combination of its general basis functions in the following:

X ðsÞ ¼ L xðtÞf g ¼ L
Xn

i¼1

Cie
pit

( )
¼
Xn

i¼1

L Cie
pitf g ¼

Xn

i¼1

Ci
1

s � pi

� 	
(1.12c)

in which ðs � piÞ�1 (i ¼ 1, 2, . . . , n) constitutes the basis function for the signal X(s).
As shown in Figure 1.11, the type of the signal x(t) is defined by the location of

the poles pi on the s-plane. Specifically, all left half-plane (LHP) poles indicate that
x(t) is an asymptotically decayed function; any right half-plane (RHP) pole will
lead x(t) to be divergent; the imaginary part of a complex pole pi denotes its
oscillation frequency; the real part of a complex pole pi denotes its decaying rate.
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Since GxðsÞ contains all the poles pi, it can determine the type of the signal x(t),
and thus it is defined as the signal generating polynomial. More generally, any
function that takes the same set of basis functions of ðs � piÞ�1 (the subscript i ¼ 1,
2, . . . , n), gives a reduplicated model of the dynamic structure of the disturbance
and reference signal x(t) [16], and it is called an internal model or a signal generator
of the signal x(t). The function X(s) in (1.12c) with various coefficients Ci gives a
general internal model of the signal x(t).

For example:

1. For xðtÞ ¼ sin ðwtÞ, we have

X ðsÞ ¼ w
ðs � jwÞðs þ jwÞ ¼

w
s2 þ w2

¼ w
GxðsÞ with GxðsÞ ¼ s2 þ w2

2. For xðtÞ ¼ x0, we have

X ðsÞ ¼ x0

s � 0
¼ x0

s
¼ x0

GxðsÞ with GxðsÞ ¼ s

3. For xðtÞ ¼ x0 þ sin ðwtÞ, we have

X ðsÞ ¼ x0ðs2 þ w2Þ þ ws

sðs2 þ w2Þ ¼ 1
GxðsÞ with GxðsÞ ¼ sðs2 þ w2Þ

If the generating polynomial GdðsÞ of the disturbance dðsÞ or the generating
polynomial GrðsÞ of the reference rðsÞ is included as a part of the controller,
asymptotic disturbance rejection or reference tracking can be attained. In other
words, asymptotic rejection/tracking of a persistent input signal xðtÞ can only be
attained by suitably replicating its internal model X ðsÞ in a stable feedback loop.
The necessity of this control structure constitutes the IMP [16]. Moreover, it should
be pointed out that the coefficient Ci for the internal model in (1.12c) should be
properly designed to stabilize the closed-loop IMP-based control system.

Im(s)

Re(s)

Figure 1.11 Relationship between the pole location on the s-plane and the type of
the signal in the time domain
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For a typical control system as shown in Figure 1.10, let the plant model be:

GpðsÞ ¼ BpðsÞ
ApðsÞ (1.13)

and assuming that GdðsÞ and GrðsÞ are the signal generating polynomials for
the disturbance d(s) and the reference rðsÞ, respectively, and either GdðsÞ or GrðsÞ is
not a factor of ApðsÞ. The disturbance d(s) and the reference rðsÞ can be written as:

dðsÞ ¼ fdð0; sÞ
GdðsÞ and rðsÞ ¼ frð0; sÞ

GrðsÞ
If the feedback controller takes the following form:

GcðsÞ ¼ BcðsÞ
AcðsÞGdðsÞGrðsÞ (1.14)

Equation (1.10) can be rewritten as:

eðsÞ ¼ rðsÞ � yðsÞ ¼ GðsÞrðsÞ � GdðsÞdðsÞ (1.15)

with

GðsÞ ¼ AcðsÞApðsÞGdðsÞGrðsÞ
AcðsÞApðsÞGdðsÞGrðsÞ þ BcðsÞBpðsÞ

GdðsÞ ¼ BpðsÞ
ApðsÞ

AcðsÞApðsÞGdðsÞGrðsÞ
AcðsÞApðsÞGdðsÞGrðsÞ þ BcðsÞBpðsÞ

Supposing that BcðsÞ and AcðsÞ have been selected such that the closed-loop
characteristic equation is:

ACEðsÞ ¼ AcðsÞApðsÞGdðsÞGrðsÞ þ BcðsÞBpðsÞ (1.16)

whose roots locate on the left half s-plane, i.e., the closed-loop system is asymp-
totically stable.

Therefore, (1.15) can be rewritten as:

eðsÞ ¼ rðsÞ � yðsÞ ¼ AcðsÞApðsÞGdðsÞ
ACEðsÞ frð0; sÞ � BpðsÞ

ApðsÞ
AcðsÞApðsÞGrðsÞ

ACEðsÞ fdð0; sÞ

(1.17)

Since ACEðsÞ is assumed to have stable roots, the inverse Laplace transform
of EðsÞ converges to 0, i.e., eðt ! 1Þ ¼ 0 and yðtÞ ! rðtÞ in the presence
of the disturbance dðtÞ. It is shown that, in the frequency domain, the purpose of
the internal model is to provide closed-loop zeros that cancel the poles of the
disturbances and reference signals [16].
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1.2.3 Internal model principle-based periodic control
According to the Fourier series analysis, a periodic reference or disturbance signal
xðtÞ with a fundamental frequency w0 ¼ 2p=T0 can be decomposed into a linear
combination of sine and cosine functions, or exponential functions as:

xðtÞ ¼ a0

2
þ
X1
h¼1

ah cosðhw0tÞ þ bh sinðhw0tÞ½ � ¼
X1
h¼0

che jhw0t (1.18)

where

a0 ¼ 1
T

ðt0þT0

t0

xðtÞdt

ah ¼ 1
T

ðt0þT0

t0

xðtÞcosðhw0tÞdt

bh ¼ 1
T

ðt0þT0

t0

xðtÞsinðhw0tÞdt

ch ¼ 1
T

ðt0þT0

t0

xðtÞe�jhw0tdt

Thus a general internal model for the periodic signal xðtÞ can be written as:

X ðsÞ ¼ a0

2
1
s
þ
X1
h¼1

ahs

s2 þ hw0ð Þ2 þ
bh hw0ð Þ

s2 þ hw0ð Þ2

 !
¼
X1

h¼�1

ch

s � j hw0ð Þ
� 	

(1.19)

The internal model X ðsÞ is actually a combination of a series of resonant
controllers (including an integral controller) at harmonic frequencies of hw0 with
h ¼ 0; 1; 2; . . ..

For the typical control system shown in Figure 1.10, the internal model X ðsÞ is
embedded into the feedback controller as:

GcðsÞ ¼ Gf ðsÞX ðsÞ (1.20)

where Gf ðzÞ is a compensator to stabilize the feedback system.
It can be found that if s ¼ � jhw0 with h ¼ 0; 1; 2; . . ., the controller

GcðsÞ ! 1 at harmonic frequencies of hw0, and then (1.9) will lead to:

yð jhw0Þ ¼ 1 	 Gpð jhw0Þ
1 þ1 	 Gpð jhw0Þ rð jhw0Þ þ 1

1 þ1 	 Gpð jhw0Þ dð jhw0Þ

Thus yðsÞ ! rðsÞ at harmonic frequencies of hw0, i.e., zero-error tracking of
periodic signal yðtÞ with known frequency of hw0 is achieved in the presence of
disturbance dðtÞ. Hereafter, IMP-based controller GcðsÞ in (1.20) is called periodic
controller in this book.
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The proportional–integral–derivative (PID) controller shown in Figure 1.12 is
the most commonly used IMP-based periodic controller in industrial applications.
The PID controller in the Laplace domain can be written as:

GPIDðsÞ ¼ kp þ ki
1
s
þ kds (1.21)

where kp is the proportional gain, ki is the integral gain, and kd is the derivative
gain. However, the derivative term is rarely used due to the increased noise sen-
sitivity and stability problems associated with high-frequency resonance modes.
Obviously, the integral control term 1/s in the PID controller (1.21) is the internal
model for DC signals. It (i.e., the integral control term 1/s) enables zero-error
tracking of DC signals. Meanwhile P (i.e., 1) and D (i.e., s) terms are used to
improve the system stability and transient responses (such as overshoot, settling
time, rise rime, and so on). Thus the three-term-type structure PID can achieve
accurate, fast, and robust control of DC signals.

Likewise, considering a sinusoidal signal, xðtÞ ¼ sinðhw0t þ jÞ with w0 being
its fundamental frequency, j being its phase and h being the harmonic order, the
internal model for x(t) can be written as:

ĜhðsÞ ¼ s sin jþ ðhw0Þcos j
s2 þ ðhw0Þ2 (1.22)

which also provides an IMP-based periodic control scheme for any sine/cosine
signal with a specific frequency hw0, called resonant controller (RSC) [19–29].

Moreover, a delay-based repetitive controller (RC) [30–50] can be written as:

ĜrcðsÞ ¼ e�sT0

1 � e�sT0
¼ �1

2
þ 1

T0s
þ 1

T0

X1
h¼1

2s

s2 þ ðhw0Þ2 (1.23)

which also contains the internal models for all harmonics. Thus, the RC offers
an effective IMP-based periodic controller for any periodic signal with a known
fundamental frequency w0.

From the above analysis, it can be seen that that the IMP-based periodic
control provides a simple but accurate control solution to power converters.

PID Controller

u(s)e(s)
r(s)

d(s)

Gp(s)

kds

kp

ki/s y(s)+ ++
+

+ +
–

Figure 1.12 A typical proportional–integral–derivative (PID) control system
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1.2.4 Periodic control of power converters
So far, vast progresses have been achieved in periodic control of power converters.
Over the past decade, the periodic control technology has been significantly
improved to become an attractive high-performance control solution for the power
converters to regulate voltages/currents with higher accuracy, faster dynamic
response, better robustness, and more feasibility. The RSC and RC are two most
popular periodic controllers, which have been widely applied to power converters.

For any sine/cosine signal, IMP-based RSC can achieve zero steady-state error
tracking/rejection by including an internal model of the cosine signal at its resonant
frequency [21–23]. Owing to its simplicity and effectiveness, RSC becomes a
popular current controller for grid converters. A stationary-frame-based RSC is
actually equivalent to a synchronous-frame-based proportional–integral (PI) con-
troller [21,24], but it provides several advantages over the latter, such as much less
computational burden and complexity due to its lack of the Park transformations,
less sensitiveness to noise and error in synchronization. RSC is proposed to control
grid-tied PWM rectifiers to produce high-quality sinusoidal input currents by Sato
et al. in 1998 [22]. Various improvements have been made in RSC:

● Proportional plus RSC and PI plus RSC schemes [24,25] have been applied to
grid converters. These controllers behave like a general PI control – the RSC
acts as a general integrator for the sinusoidal signal and the proportional/PI
acts as a general proportional control.

● Several discretization methods for RSC have been investigated to improve the
control system stability and immunity against discretization errors [26].

● Phase-lead compensation RSC has been proposed to improve the transient
response and stability of the systems [27–29].

● Parallel combination of multiple RSC (MRSC) controllers has been used to
eliminate more harmonics for the low total harmonic distortions. A parallel
structure enables the MRSC to independently choose the gain of each RSC
component to achieve quite fast transient response. However, if the number of
RSC components is large, MRSC [25,27] may cause heavy parallel computa-
tional burden and parameter tuning difficulties.

For any arbitrary periodic signal with a known period, the IMP-based RC could
achieve zero steady-state errors [23] by including a parallel combination of the
internal models for its all harmonics components (including the DC component)
[55,56]. These internal models – integral controller for the DC component and RSC
components for harmonics, enable the RC to reject all harmonics and DC bias.
A delay-based compact infinite impulse response (IIR) form enables the RC to
consume much less computation than what the MRSC does. However, since the
gains for all RSC components are identical, it is impossible for RC systems to
optimize their dynamic response. That is to say, RC usually yields much slower
transient response than what the MRSC does. It is initially developed to accurately
control a periodic magnet power supply curve for proton synchrotron by Inoue
et al. in 1981 [30]. Middleton, Goodwin, and Longman applied the RC to Robotics
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in 1985 [31]. Tomizuka et al. [32] proposed a complete synthesis and design
method for the digital RC schemes, such as the modified RC, zero-phase com-
pensation for the RC, and so on. RC was first applied to single-phase PWM
inverters by Haneyoshi, Kawamura, and Hoft in 1988 [33]. The first patent appli-
cation of the RC in PWM inverters was filed by Fuji Electric in 1990. Tzou applied
the RC to single-phase PWM inverters in 1997 [34]. Over the past decade, a series
of RC schemes have been successfully developed and employed in power converter
systems:

● PID-like plug-in RC has been applied to PWM inverters [35–49] and rectifiers
[50,51] for accurate, fast and robust control.

● Phase-lead compensation method [52,53] has been developed for the RC to
improve the stability and transient response.

● ‘‘Tailor-made’’ selective harmonic control (SHC) [54–63] (including the odd
harmonic RC, dual module, parallel structure RC, etc.) has been introduced to
deal with unevenly distributed power harmonics. It makes a good trade-off
between the slow but accurate RC and the fast but less feasible MRSC.

● Frequency adaptive RC [64–74] has been proposed to maintain high control
accuracy in the presence of grid frequency variations.

Being the ‘‘bread and butter’’ of control engineering, the IMP-based PID
controller is the most common and successful industrial controller due to its sim-
plicity, effectiveness, and maturity. In practical applications, the IMP-based peri-
odic controllers usually take PID-like hybrid structure – the internal model control
term (e.g., the RSC, RC, and/or integral controller) is combined with com-
plementary feedback control term (e.g., proportional, proportional–derivative).
Taking the periodic control (i.e., internal model) term as a general integrator [21],
such a hybrid structure periodic controller can be treated as general proportional–
integral–derivative (GPID) control for periodic signals, where the general inte-
grator GIðsÞ is used to ensure accurate tracking/elimination of periodic signals and
a complementary feedback control term GcðsÞ is used to improve the system sta-
bility and dynamic response, as shown in Figure 1.13. Like the PID, the hybrid
structure enables simple but effective GPID control that can achieve accurate, fast,
and robust control of periodic signals. Plug-in RC and PI plus RSC are two
examples of typical general PI control schemes for power converters. GPID pro-
vides a universal framework for housing various IMP-based periodic controllers. In
summary, taking the internal model term as general integrator, GPID provides a
universal framework for housing various IMP-based periodic controllers to solve
different problems in practical applications.

Perfect tracking or rejection of periodic signals plays a critical role not only in
electrical power processing for better power quality, but also in many other engi-
neering practices where periodic disturbances are dominant or tight performances
are demanded [74–82], such as the track-following servo system of disk drives,
steel casting, power electronics-enabled active power filters, active air-bearing
systems, active noise control, satellite attitude stabilization, peristaltic pumps used
in medical devices and robotized laparoscopic surgery, and robots performing
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repetitive tasks. The IMP-based periodic control has the potential to be the sim-
plest, the most efficient and easily tunable high-performance control solution for
these real-world problems and to be a very popular standard industrial controller
such as the PID control.

1.3 What is in this book

Advanced power electronic converters, which can precisely and efficiently convert,
control, and condition electricity, play a key role in the successful grid integration
of different distributed generators, loads, and transmission devices. The global
electricity processed by power electronic converters would be up to 80% in the very
near future. The power quality and even the stability of electrical power systems
would be affected and even determined by massive interfacing power converters.
As a consequence, power converters highly demand optimal control strategies for
periodic voltages/currents compensation to assure good power quality and
stable power system operation. Simple but very effective IMP-based periodic
controllers offer attractive control solutions to power converters.

Addressing the emerging issues discussed in this chapter, this book will sys-
tematically and comprehensively present the most recent IMP-based periodic
control technology, which is dedicated to offering optimal and even perfect peri-
odic control solution for power electronic conversion systems – high control
accuracy, fast transient response, good robustness, and easy implementation. It will
mainly include the following:

● IMP-based periodic control in Chapter 1, which investigates the demand of
periodic control, IMP, internal model and periodic control, and proposes a
general PID framework.

● Fundamental periodic control technology in Chapter 2, which explores the RC
and RSC schemes in more detail.

● Advanced periodic control technology in Chapter 3, which involves the par-
allel structure, selective harmonic elimination, and optimal periodic control.

● Application examples of the fundamental and advanced periodic control of
various power converters in Chapter 4, which includes the periodic control
of voltages for constant-voltage constant-frequency (CVCF) converters and the
periodic control of currents for grid-connected converters.

u(s)e(s)

General PID Controller

Feedback Control

Internal Models
(general integrator)

r(s)

d(s)

Gp(s) y(s)+ + ++ +
–

Figure 1.13 General PID control system for periodic signals
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● Frequency-adaptive periodic control in Chapter 5, which presents two frac-
tional order approaches to achieve high-performance periodic control in
response to frequency variations.

● Application examples of the frequency-adaptive periodic control (FAPC) of
various power converters in Chapter 6, which includes the FAPC of voltages
for CVCF converters and the FAPC of currents for grid-connected converters.

● Continuing development of the periodic control technology in Chapter 7,
which discusses the multi-period periodic control and periodic signal proces-
sing for the power converter control.

More important, besides complete analysis and synthesis methods for periodic
systems, plenty of practical application examples will be provided to demonstrate
the validity of the proposed periodic control (PC) technology for power converters
e.g., voltage control of power inverters for UPS, current control for grid-connected
converters for PV generators or active power filters. Periodic control provides an
excellent control solution to periodic signal compensation in extensive engineering
applications, such as ultrahigh accuracy nano-positioning, grid integration of
renewable generation via power converters, power quality systems, and so on.
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Chapter 2

Fundamental periodic control

Abstract

The internal model principle (IMP) states that perfect asymptotic rejection/tracking
of persistent inputs can only be attained by replicating the signal generator in a
stable feedback loop [1]. The signal generator is also called ‘‘internal model’’ of the
inputs. W. M. Wonham summarized IMP as ‘‘Every good regulator must incor-
porate a model of the outside world.’’ Based on IMP [1,2], this chapter presents
the fundamental periodic controllers for providing zero steady-state error com-
pensation for periodic signals and elaborates their general design methodology.
These IMP-based periodic controllers include repetitive control (RC) [3–21],
multi-resonant control (MRSC) [22–34], and discrete Fourier transformation
(DFT)-based RC [26,35–36]. The general design methodology comprises a stan-
dard internal model for periodic signals and the synthesis methods for universal
plug-in structure periodic control (PC) systems. The relationship among these three
fundamental periodic controllers will also be demonstrated.

2.1 Repetitive control (RC)

2.1.1 Internal model of any periodic signal
As shown in Figure 2.1, a periodic signal with a period of T0 can be generated by a
time-delay-based positive feedback loop in the continuous-time domain. According
to Figure 2.1(a), the transfer function of the periodic signal generator can be
written as [3]:

ĜrcðsÞ ¼ urcðsÞ
eðsÞ ¼ e�sT0

1 � e�sT0
(2.1)

where T0 ¼ 2p/w0 ¼ 1/f0 is the signal period with f0 being the signal frequency and
w0 being the angular signal frequency. The periodic signal generator ĜrcðsÞ can be
expanded as [34]:

ĜrcðsÞ ¼ e�sT0

1 � e�sT0
¼ � 1

2

z}|{Impulse
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which indicates that the periodic signal generator ĜrcðsÞ is equivalent to the
parallel combination of the signal generators for an impulse signal, a step signal,
and all harmonics. Notice that the signal generator ĜrcðsÞ has poles at s ¼�jnw0,
n [N. Hence, ĜrcðsÞ exhibits infinite gains at the harmonic frequencies of nw0, i.e.,
Ĝrc sð Þjs¼�jnw0

! 1. The infinite gains lead to zero-tracking errors at these
frequencies if ĜrcðsÞ is included into the closed-loop system. It should be pointed
out that the periodic signal generator ĜrcðsÞ is actually an internal model of the
periodic signal of the fundamental frequency f0.

2.1.2 Classic RC scheme
Based on the internal model ĜrcðsÞ in (2.1), a general structure of the IMP-based
RC is shown in Figure 2.2(a).
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Figure 2.1 Periodic signal generator: (a) basic structure and (b) Bode plot
characteristics, where T0 ¼ 0.02 s
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The corresponding transfer function of the classic RC in the continuous-time
domain is [34]:

GrcðsÞ ¼ urcðsÞ
eðsÞ

¼ krc
QðsÞe�sT0

1 � QðsÞe�sT0
esTc !QðsÞ¼1

krcesTc �1
2
þ 1

sT0
þ 1

T0

X1
n¼1

2s

s2 þ ðnw0Þ2

" #

(2.3)

where T0 is the period of the periodic signal as defined previously, krc is the control
gain for tuning the error convergence rate, Q (s) with Qð jwÞj j � 1 is usually a low-
pass filter (LPF) for compensating the harmonics of interest, and esTc with
Tc being the compensation time is a phase-lead compensator for the entire
system delay compensation. In practical applications, like the coefficients Ci in
(1.12c), krc, Q(s), and esTc are employed to enhance the RC system performance,
such as system robustness and dynamic response.

Note that, from (2.3), it is known that:

● When QðsÞ ! 1, the classic RC GrcðsÞ ! 1 at poles s ¼� jnw0, and thus it
offers exact tracking control of the periodic signals with an interested fre-
quency f0. That is to say, the RC offers an accurate control solution to the
compensation of periodic signals.

● Since both the coefficients and phase-lead compensation for all harmonic
generator components in (2.3) are identical, the RC GrcðsÞ does not have the
freedom of coefficient-tuning and/or phase-lead compensation independently
at each harmonic frequency in order to optimize its dynamic response.

Most modern controllers are implemented in their digital forms in practical
applications. In the discrete-time domain, the internal model ĜrcðsÞ in (2.1) can be
discretized as:

ĜrcðzÞ ¼ z�N

1 � z�N
(2.4)

e(s)

e(z)

krc

krc z–N

urc (s)e–s(T0 – Tc)

e–sTc

Q(s)

Q(z) Gf (z) urc(z)

(a)

(b)

+
+

+

+

Figure 2.2 Classic repetitive controller: (a) in the continuous-time domain and
(b) in the discrete-time domain
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where N ¼ T0/Ts [ N is the fundamental period with Ts being the sampling period.
Notice that the finite-impulse-response (FIR) filter z�N is an all-pass filter for all
harmonics up to the Nyquist frequency. The signal generator ĜrcðzÞ is constructed
by the FIR filter z�N with a positive feedback loop, and it contains the internal
models of all harmonics up to the Nyquist frequency.

As shown in Figure 2.2(b), the general form of the digital classic RC can be
written as [4]:

GrcðzÞ ¼ krc
QðzÞz�N

1 � QðzÞz�N
Gf ðzÞ (2.5)

in which Gf (z) is the phase-lead compensator, and the LPF Q(z) usually employs an
FIR LPF as follows:

QðzÞ ¼
Xm

i¼1

aiz
i þ a0 þ

Xm

i¼1

aiz
�i

 !�
2
Xm

i¼1

ai þ a0

 !
(2.6)

with ai > 0 and m [N with m � ðN � 1Þ=2. It is clear that Qðe jwÞj j � 1 and
ffQðe jwÞ ¼ 0.

From (2.5), it is known that:

● 1 � Q zð Þz�N ! 0 when Q zð Þ ! 1, and thus GrcðzÞ ! 1 at the harmonic fre-
quencies of wk ¼ 2kp=T0 with k ¼ 0, 1, 2, . . . , [N/2] up to the Nyquist
frequency.

● In the engineering practice, to shape the RC system performance, the synthesis
of the RC actually involves the selections of krc, Gf (z), and Q(z).

2.1.3 Digital RC system and design
Owing to the high-order time delay z�N from its input to its output, the dynamic
response of a RC controller is much slower than that of an instantaneous feedback
controller. Therefore, RC controllers are usually added on to the closed-loop
instantaneous feedback control systems to complementarily achieve optimal
performance – the ‘‘rough’’ instantaneous feedback controller ensures good robust-
ness and fast dynamic response, and the add-on ‘‘fine’’ feed-forward RC controller
offers high control accuracy [8–21].

Figure 2.3 shows two add-on digital RC systems, where Gp(z) is the plant,
Gc(z) is a conventional feedback controller, Grc(z) is a digital modified RC
controller with predefined krc, Q(z), and Gf (z), r(z) is the reference input, y(z) is the
output, e(z) ¼ r(z) � y(z) is the tracking error, and d(z) is the disturbance. It is easy
to find that the cascaded RC system [16,19] shown in Figure 2.3(b) is equivalent to
the plug-in RC system shown in Figure 2.3(a). The plug-in RC is more widely used
in practical applications.
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According to Figure 2.3, without the plug-in RC Grc (z), the transfer function
H(z) of the entire feedback control system can be written as:

HðzÞ ¼ GcðzÞGpðzÞ
1 þ GcðzÞGpðzÞ ¼

z�dBþðzÞB�ðzÞ
AðzÞ (2.7)

where d represents known delay steps; all characteristic roots of A (z) ¼ 0 are inside
the unit circle; Bþ(z) and B�(z) are the cancellable and un-cancellable parts of B(z),
respectively. Bþ(z) comprises roots on or outside the unit circle and undesirable
roots, which are in the unit circle and Bþ(z) comprises roots of B(z) that are not in
B�(z) [4].

Furthermore, when the plug-in RC scheme Grc(z) is absent in Figure 2.3(a), the
tracking error e0(z) can be written as:

e0ðzÞ ¼ rðzÞ � yðzÞ ¼ 1
1 þ GcðzÞGpðzÞ rðzÞ � dðzÞ½ � ¼ S0ðzÞ rðzÞ � dðzÞ½ �

where the sensitivity function S0(z) is given as:

S0ðzÞ ¼ 1
1 þ GcðzÞGpðzÞ (2.8)

The sensitivity function S0(z) describes the transfer function from system noise
and disturbance to the output of the feedback system without the add-on RC.
A lower S0ðe jwÞj j suggests a higher attenuation of the noise and disturbance for the
closed-loop control system with the add-on RC.

e(z)+ + + + +

++ +

–
+

–

e(z)

r(z)

r(z) +

Grc(z)

Grc(z)

Gc(z)

Gc(z)

Gp(z)

Gp(z)

d(z)

d(z)

y(z)

y(z)

Add-on

(a)

(b)

Add-on

+
–

Figure 2.3 Add-on digital RC systems: (a) a plug-in RC system and
(b) a cascaded RC system
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When considering the plug-in RC scheme Grc(z) as shown in Figure 2.3(a), the
output y(z) can be derived as:

yðzÞ ¼ 1 þ GrcðzÞ½ �HðzÞ
1 þ GrcðzÞHðzÞ rðzÞ þ 1 þ GcðzÞGpðzÞ

� ��1

1 þ GrcðzÞHðzÞ dðzÞ (2.9)

Substituting Grc(z) of (2.5) into (2.9) yields:

yðzÞ ¼ 1 � 1 � krcGf ðzÞ
� �

z�N QðzÞ� �
HðzÞ

1 � 1 � krcGf ðzÞHðzÞ� �
QðzÞ� �

z�N
rðzÞ

þ 1 þ GcðzÞGpðzÞ
� ��1

1 � QðzÞz�Nð Þ
1 � 1 � krcGf ðzÞHðzÞ� �

QðzÞ� �
z�N

dðzÞ (2.10)

And then the tracking error can be written as:

eðzÞ ¼ 1 � QðzÞz�N

1 � 1 � krcGf ðzÞHðzÞ� �
QðzÞ� �

z�N
e0ðzÞ ¼ S1ðzÞS0ðzÞ rðzÞ � dðzÞð Þ

where the added sensitivity function S1(z) is given as:

S1ðzÞ ¼ 1 � QðzÞz�N

1 � 1 � krcGf ðzÞHðzÞ� �
QðzÞ� �

z�N
(2.11)

Similarly, this sensitivity function S1(z) describes the cascaded transfer function
from system noise and disturbance to the output of the feedback system with the add-on
RC. Hence, a lower S1ðzÞj j means that a further higher attenuation of the measurement
noise and disturbance. When S1ðe jwÞj j ! 0, i.e., 1 � Qðe jwÞe�jNwj j ! 0 at all
harmonic frequencies of wk ¼ 2kp=T0 with k ¼ 0, 1, 2, . . . , means that the system is
immune to the noise and disturbance at these harmonic frequencies.

From (2.10) and (2.11), the RC system stability can be determined by the
characteristic equations of sensitivity functions S0(z) and S1(z). The sensitivity
functions S0(z) and S1(z) can be used to evaluate the performance of the RC system,
such as steady-state accuracy, dynamic response, and stability.

2.1.3.1 Steady-state error
From (2.11), at all harmonic frequencies of wk ¼ 2kp=T0 with k ¼ 0, 1, 2, . . . ,
when 1 � QðzÞz�N ! 0 with QðzÞ ! 1, the tracking error e (z) will asymptotically
converge to zero. That is to say, the RC can achieve zero-error steady-state tracking
of any periodic signal r(z) or d (z) at all the harmonic frequencies wk below the
Nyquist frequency. While, in accordance with (2.11), if QðzÞ 6¼ 1, the tracking error
e (z) would not approach zero. Obviously, the filter Q(z) can be used to select the
harmonics for compensation.
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2.1.3.2 Asymptotic convergence rate
According to (2.8), for periodic signals rðtÞ and dðtÞ with the same period of T0 ¼
NTs, the tracking error e0ðtÞ will be a periodic signal with the same period of T0 in
the steady-state. From (2.11), the transfer function e (z) can be derived as:

eðzÞ ¼ AðzÞz�N eðzÞ þ 1 � QðzÞð Þz�N e0ðzÞ

¼ AðzÞz�N AðzÞz�N eðzÞ þ 1 � QðzÞð Þz�N e0ðzÞ
� �þ 1 � QðzÞð Þz�N e0ðzÞ

¼ A2ðzÞz�2N eðzÞ þ AðzÞz�N þ 1
� �

1 � QðzÞð Þz�N e0ðzÞ

¼ AkðzÞz�kN eðzÞ þ Ak�1ðzÞz�ðk�1ÞN þ Ak�2ðzÞz�ðk�2ÞN þ . . .þ 1
� 	

� 1 � QðzÞð Þz�N e0ðzÞ

¼ AkðzÞz�kN eðzÞ þ 1 � AkðzÞz�kN

1 � AðzÞz�N
1 � QðzÞð Þz�N e0ðzÞ !k!1

eðzÞ

¼ A1ðzÞz�1N
� �

eðzÞ þ 1 � A1ðzÞz�1N

1 � AðzÞz�N
1 � QðzÞð Þz�N e0ðzÞ

(2.12)

in which AðzÞ ¼ 1 � krcGf ðzÞHðzÞ� �
QðzÞ and k ¼ 0, 1, 2, . . . .

Remark 2.1 From (2.12), if AðzÞj j < 1 and QðzÞ ¼ 1, the tracking error e(z) will
asymptotically converge to zero when the time instant number k ??. Moreover,
the smaller AðzÞj j is, the faster the error convergence rate is. Hence, AðzÞj j can be
defined as a convergence index.

2.1.3.3 Stability criteria
According to (2.8)–(2.12), it is clear that the overall plug-in RC system is stable if
the two following stability conditions are met [4–7], [12–19]:

1. Roots of 1 þ GcðzÞGpðzÞ ¼ 0 are inside the unit circle, i.e., without the plug-in
RC scheme, and the closed-loop feedback control system H(z) is stable.

2. Roots of 1 � 1 � krcGf ðzÞHðzÞ� �
QðzÞz�N ¼ 0 are inside the unit circle, i.e., the

convergence index AðzÞj j < 1. That leads to a sufficient stability criterion as:

AðzÞj j ¼ 1 � krcGf ðzÞHðzÞ� �
QðzÞ

 

 < 1; for z ¼ ejw with w <

p
Ts

(2.13)

2.1.3.4 Zero-phase compensation design
The compensation filter Gf (z) [4,5] can be chosen as:

Gf ðzÞ ¼ zdAðzÞB�ðz�1Þ
BþðzÞb (2.14)
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where b � max B�ðejwÞj j2. Since the RC will introduce N-step delay z-N and N � d,
Gf (z) with a noncausal component zd can be implemented in the RC. Therefore, the
product of Gf (z) and H(z) can be written as:

Gf ðzÞHðzÞ ¼ B�ðzÞB�ðz�1Þ
b

¼ B�ðejwÞj j2
b

ff0
	 � 1 (2.15)

Equation (2.15) indicates that Gf (z) exactly compensates the system delay
from H(z), i.e., zero-phase compensation is achieved. With zero-phase compensa-
tion and QðzÞj j � 1, (2.13) can be rewritten as:

AðzÞj j ¼ 1 � krcGf ðzÞHðzÞ� �
QðzÞ

 

 < 1 ) 1 � krc

B�ðzÞj j2
b












 < 1

QðzÞj j (2.16)

Therefore, according to (2.15), (2.16), and QðzÞj j � 1, a sufficient stability
criterion for the RC system can be significantly simplified as:

0 < krc < 2 (2.17)

Remark 2.2 Equations (2.16) and (2.17) indicate that, an LPF Q(z) with QðzÞj j � 1
leads to a larger stability range for the RC gain krc, and then enhances the
robustness of RC systems. On the other hand, from (2.16), the introduction of the
LPF Q(z) with QðzÞj j ! 1 at low frequencies and QðzÞj j ! 0 at high frequencies,
leads to a perfect tracking of the periodic signals at major low harmonic frequencies
but degrades the tracking accuracy at minor high harmonic frequencies. An LPF Q(z)
with larger bandwidth will lead to higher tracking accuracy, but a smaller stability
region for the RC gain. Therefore, the LPF Q(z) is used to selectively compensate
the harmonics of interest, and it can be employed to improve the control system
stability at the cost of a minor reduction of the tracking accuracy.

Remark 2.3 The phase-lead compensator Gf (z) of (2.14) leads to a very simple
stability criterion for the design of the RC gain krc, and then significantly simplifies
the synthesis of the RC systems. From (2.12) and (2.16), the error convergence rate
is determined by krc.

However, in practice, due to model uncertainties of the control plant Gp (z), it
is impossible to obtain an accurate transfer function H(z), especially in the high
frequency band. Alternatively, the actual transfer function of Gf (z)H (z) can be
written as:

Gf ðzÞHðzÞ ¼ B�ðz�1ÞB�ðzÞ
b

1 þ DðzÞð Þ ¼ GfHðejwÞ

 

ejqfH ðwÞ (2.18)

where D(z) denotes the uncertainties assumed to be bounded by DðzÞj j � e with e> 0
and D(z) is stable; and GfHðe jwÞ

 

 � 1 þ e. From (2.18), it is clear that the uncer-
tainties D (z) would cause qfHðwÞ 6¼ 0, which means that the zero-phase-error
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compensation may not be achieved due to the uncertainties. In such general cases,
the stability criterion is further derived as follows:

Theorem 2.1 Consider the RC system shown in Figure 2.3 with the constraint
of (2.18),

if 2kp� p
2
< qfHðwÞ < 2kpþ p

2
; k ¼ 0; 1; 2; . . ., then

0 < krc <
2 cos qfHðwÞ

� �
1 þ e

(2.19)

will enable the RC system to be asymptotically stable;

if 2kpþ p
2
< qfHðwÞ < 2kpþ 3p

2
; k ¼ 0; 1; 2; . . ., then

2 cos qfH ðwÞ
� �

1 þ e
< krc < 0 (2.20)

will enable the closed-loop RC system to be asymptotically stable.

Proof: From the constraint of (2.18), we have:

Gf ðzÞHðzÞ

 

 ¼ B�ðz�1ÞB�ðzÞ
b

1 þ DðzÞð Þ










 ¼ GfHðzÞ


 

 � 1 þ e

Therefore, the stability criterion of (2.12) can be rewritten as:

1 � krcGf ðzÞHðzÞ

 

 ¼ 1 � krc GfH ðejwÞ

 

 cos qfH ðwÞ þ j sin qfHðwÞ
� �

 

 < 1

Qðe jwÞj j
And then applying the Euler’s identity results in:

1 � 2krc GfH ðe jwÞ

 

cos qfH ðwÞ þ krc GfH ðe jwÞ

 

� �2
<

1

Qðe jwÞj j2

and further

k2
rc <

1 � Qðe jwÞj j2
GfHðe jwÞ

 

2 QðejwÞj j2

þ 2krc cos qfH ðwÞ
GfH ðe jwÞ

 



Since Qðe jwÞj j � 1 and GfH ðe jwÞ

 

 � 1 þ e, if 2kp� p
2
< qfHðwÞ <

2kpþ p
2
; k ¼ 0; 1; 2; . . ., then

0 < krc <
2 cos qfH ðwÞ

� �
1 þ e

will sufficiently enable the RC system to be asymptotically stable;
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if 2kpþ p
2
< qfH ðwÞ < 2kpþ 3p

2
; k ¼ 0; 1; 2; . . ., then

2 cos qfH ðwÞ
� �

1 þ e
< krc < 0

will enable the closed-loop RC system to be asymptotically stable.

Remark 2.4 Theorem 2.1 offers a general stability criterion for practical RC sys-
tems. It indicates that uncertainties may reduce the stability range for the RC gain
krc. When qfH wð Þ ¼ 0, meaning that the zero phase compensation is achieved, it
will not only lead to a larger stability range for krc and thus a faster dynamic
response, but also simplify the design of RC systems.

2.1.3.5 Linear phase-lead compensation design
As aforementioned, it is difficult to make qfH wð Þ ¼ 0, especially at the high-
frequency band. In practice, to simplify the design of the RC system, a simple but
effective linear phase-lead compensator Gf (z) is usually employed as [18]:

Gf ðzÞ ¼ z p (2.21)

where p is the phase-lead steps and N 
 p. The linear phase-lead compensator zp is
employed to compensate the delays of the feedback control system H(z). Therefore,
this phase-lead compensation RC can be given as:

GrcðzÞ ¼ krc
QðzÞz�Nþp

1 � QðzÞz�N
(2.22)

Obviously, the RC in (2.22) is a direct digital form of the continuous-time
RC in (2.3). The linear phase-lead compensator zp in (2.22) is corresponding to
esTc in (2.3). As shown in Figure 2.4, the linear phase-lead compensator can be
easily implemented in the digital RC systems with minor modifications.

e(z) krc

e(z) krc

Q(z)

Q(z)

urc(z)

urc(z)

z–N

z–N + p

z –p

z p+

+

+

+

Figure 2.4 General linear phase-lead compensation for an RC system
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Correspondingly, the stability criterion of (2.12) can be rewritten as:

1 � krczpHðzÞð ÞQðzÞj j < 1; for z ¼ e jw with w <
p
Ts

(2.23)

Following the frequency-domain analysis approach, the closed-loop transfer
function H(z) can be expressed as Hðe jwÞ ¼ Hðe jwÞj je jqH ðwÞ, and then (2.23)
becomes:

k2
rc <

1 � Qðe jwÞj j2
HðejwÞj j2 Qðe jwÞj j2 þ

2krc cosðqH þ pwÞ
Hðe jwÞj j

If 2kp� p
2
< qH þ pw < 2kpþ p

2
; k ¼ 0; 1; 2; . . ., then

0 < krc <
2 cosðqH þ pwÞ

Hðe jwÞj j (2.23a)

will sufficiently enable the RC system to be asymptotically stable;

if 2kpþ p
2
< qH þ pw < 2kpþ 3p

2
; k ¼ 0; 1; 2; . . ., then

2 cosðqH þ pwÞ
Hðe jwÞj j < krc < 0 (2.23b)

will enable the closed-loop RC system to be asymptotically stable.
For example, considering a given digital feedback control system with the

sampling frequency being fs ¼ 10 kHz, the transfer function is given as:

HðzÞ ¼ 0:5z þ 0:432
z2 � 0:487z þ 0:429

(2.23c)

The responses of the feedback system H(z) with the plug-in RC linear phase-
lead compensation can be obtained as shown in Figure 2.5. It can be seen that
within the stability phase range of �p/2 in (2.23a), the phase-lead compensation
with p ¼ 2 yields both the widest stable frequency bandwidth of 4.5 kHz and the
largest stability range of [0, 1.1] for RC gains. Compared with the Nyquist fre-
quency of 5 kHz and the upper bound value of 2 in (2.17) for an idea zero-phase
compensation RC system, it is a very feasible way to employ linear phase-lead
compensation method in the design of RC systems.

In practice, the linear phase-lead compensator zp offers the simplest and most
effective solution to the compensation filter Gf (z) for RC controllers.

2.1.4 Two alternative RC schemes
There are other ways to realize RC schemes in practice, and they are shown in
Figure 2.6.
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As shown in Figure 2.6, the two other variant RC schemes can be expressed as:

G1ðzÞ ¼ krc
1

1 � QðzÞz�N
Gf 1ðzÞ; Variant 1 (2.24)

G2ðzÞ ¼ krc
z�N

1 � QðzÞz�N
Gf 2ðzÞ; Variant 2 (2.25)
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Figure 2.5 Responses of the phase-lead-compensated system under different
compensation steps p ¼ 0, 1, 2, 3, where fs ¼ 10 kHz: (a) phase of the
compensated system Gf (z)H(z) (i.e., qH þ pw) and (b) corresponding
boundary of the RC gains in (2.23a)
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When Variant 1 RC scheme G1(z) is plugged into the closed-loop system
to replace the classic RC scheme Grc(z) shown in Figure 2.3, the stability criterion
can be written as:

QðzÞ � krcGf 1ðzÞHðzÞzN


 

 < 1 (2.26)

Compared with the classic RC systems, if Gf 1ðzÞ ¼ z�N QðzÞGf ðzÞ is adopted to
decouple Q(z) and krc, (2.26) will be equivalent to (2.13), and the synthesis of the
RC system will be simplified. However, the implementation of Variant 1 RC con-
troller with decoupling Gf 1ðzÞ requires two delay elements z�N and two LPFs Q(z).
If Gf 1ðzÞ 6¼ z�N QðzÞGfðzÞ, the synthesis of the RC system becomes very compli-
cated due to the coupling between Q(z) and krc.

When Variant 2 RC scheme G2(z) is plugged into the closed-loop system to
replace the classic RC scheme Grc(z) shown in Figure 2.3, the stability criterion can
be written as:

QðzÞ � krcGf 2ðzÞHðzÞ

 

 < 1 (2.27)

Compared with the classic RC scheme, if Gf 2ðzÞ ¼ QðzÞGf ðzÞ is adopted to
decouple Q(z) and krc, (2.27) will be equivalent to (2.13), and the synthesis of
the RC system will be simplified. However, the LPF Q(z) is needed by both
Gf 2ðzÞ ¼ QðzÞGf ðzÞ and the feedback loop in the implementation of Variant 2 RC
controller with decoupling Gf 2ðzÞ. If Gf 2ðzÞ 6¼ QðzÞGf ðzÞ, the synthesis of the
RC system becomes complicated.

In contrast to the above variant RC systems, the classic RC offers a better
solution in terms of design and implementation.

2.2 Multiple resonant control (MRSC)

2.2.1 Internal models of harmonics
Any periodic signal can be decomposed into the sum of a (possibly an infinite) set
of harmonics (i.e., sines and cosines) plus its DC mean value (i.e., DC component)

e(z)

e(z)

Q(z)

Q(z)

urc(z)

urc(z)Gf 2(z)

Gf 1(z)krc

krc

z–N

z–N

(a)

(b)

+

+

+

+

Figure 2.6 Other RC implementations: (a) Variant 1 and (b) Variant 2, where
Gf1(z) and Gf2(z) are phase-lead compensators
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in the form of Fourier series. Correspondingly, the internal model of a periodic
signal is equivalent to the sum of the internal models of its harmonics and DC
component, as shown in (2.2). The internal models (i.e., signal generator) of any
(in-quadrature) harmonic can be written as [32,33]:

Ĝh1ðsÞ ¼ L cosðwhtÞf g ¼ s

s2 þ w2
h

¼ 1
2

1
s þ jwh

þ 1
s � jwh

� �

Ĝh2ðsÞ ¼ L sinðwhtÞf g ¼ wh

s2 þ w2
h

¼ 1
2

j

s þ jwh
� j

s � jwh

� � (2.28)

in which wh ¼ hw0 is the signal angular frequency with w0 being the signal fun-
damental angular frequency and h [ N is the harmonic order. It is noted that both
Ĝh1ðsÞ and Ĝh2ðsÞ have poles at s ¼�jhw0. Hence, they exhibit infinite gains at
harmonic frequencies, i.e., �hw0. Therefore, zero steady-state error tracking of any
harmonic with the resonant frequency at �hw0 can be achieved, if either Ĝh1ðsÞ or
Ĝh2ðsÞ is included into the closed-loop system. Both Ĝh1ðsÞ and Ĝh2ðsÞ are the
internal models for harmonics with the resonant frequencies at �wh.

2.2.2 MRSC scheme
Based on the internal models in (2.28), a general implementation form of the
IMP-based resonant control (RSC) at the harmonic frequency of wh is shown in
Figure 2.7.

The corresponding transfer function for the general RSC is [34]:

GhðsÞ ¼ urscðsÞ
eðsÞ ¼ kh cosðwht þ fhÞf g ¼ kh

s cos fh � wn sin fh

s2 þ w2
h

(2.29)

where kh is the control gain for tuning the error convergence rate, and fh is the
phase-lead angle for system delay compensation at the resonant frequency �wh. In
practice, a simplified RSC in (2.28) with fh ¼ 0 can be found in many applications,
i.e., Ĝh1ðsÞ is commonly employed [23].

In order to achieve high control accuracy, multiple resonant controllers
(MRSC) are often connected in parallel to compensate multiple selected harmonic

e(s) kh

h

1/s

1/s

cos fh

wh sin fh

w0
wh

2wh

ursc (s)

( )2

–

+

–

+

×
×

Figure 2.7 General structure of a resonant controller with the resonant frequency
at �wh
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frequencies simultaneously, especially to eliminate major harmonic distortions.
The MRSC can be simply written as:

GMðsÞ ¼
X
h2Nh

GhðsÞ ¼
X
h2Nh

kh
s cos fh � wh sin fh

s2 þ w2
h

� �
(2.30)

where Nh represents the set of the orders of selected harmonics.
Note that each RSC component Gh(s) in the MRSC GM(s) can independently

choose its gain kh and the compensation phase fh at each selected harmonic fre-
quency. Therefore, it allows the MRSC to achieve satisfactory tracking perfor-
mance: high tracking accuracy, fast dynamic response, and good robustness.
Nevertheless, if a large number of RSC components are embedded, the resultant
MRSC would be associated with heavy parallel computation burden and increased
parameter tuning difficulty.

Among different discrete-time implementations of the RSC controllers, the
Tustin transform can assure the resonant peaks of discretized RSC components
would not significantly differ from the expected resonant frequencies of the cor-
responding continuous-time ones. The MRSC scheme of (2.30) digitized by using
pre-warping Tustin transform can be written as [34]:

GMðzÞ¼
X
h2Nh

GhðzÞ

¼
X
h2Nh

kh

1
2
ð1�z�2Þcosfh sinðwhTsÞ�ð1þ2z�1þz�2Þsinfh sin2 whTs

2

� �
wh 1�2z�1 cosðwhTsÞþz�2ð Þ

8>><
>>:

9>>=
>>;

(2.31)

where Ts denotes the system sampling period.

2.2.3 Digital MRSC system and design
RSC components are also commonly added on to the closed-loop instantaneous
feedback control systems to complementarily achieve optimal performance,
e.g., proportional-resonant (PR) control systems. Figure 2.8 presents an add-on
MRSC system, where e(z) is the control error, r(z) denotes the reference input, y(z)
represents the control output, d(z) is the disturbance, Gc(z) is the feedback con-
troller, Gp(z) is the control plant, and GM (z) denotes the digital MRSC scheme.

r(z)
e(z)

Gc(z)

Add-on
GM (z)

Gp(z)

d(z)

y(z)+ + + + +

–

Figure 2.8 Add-on digital MRSC system

Fundamental periodic control 41



The transfer function from the reference input r(z) and the disturbance d(z) to the
error e(z) can be expressed as follows:

eðzÞ ¼ 1
1 þ GcðzÞGpðzÞ �

1
1 þ GMðzÞHðzÞ rðzÞ � dðzÞð Þ (2.32)

where HðzÞ ¼ GcðzÞGpðzÞ= 1 þ GcðzÞGpðzÞ
� �

denotes the closed-loop transfer
function without the MRSC unit GM (z).

2.2.3.1 Steady-state error
Since GMðzÞ ! 1 at w¼wh:

lim
w¼wh

eðzÞj j ! 0 for z ¼ e jw
(2.33)

which indicates that the MRSC can achieve zero steady-state tracking errors at
harmonic frequencies wh.

2.2.3.2 Stability criteria
From (2.32), it can be derived that the overall closed-loop MRSC system shown in
Figure 2.7 is stable if the following conditions hold [34]:

1. Roots of 1 þ GcðzÞGpðzÞ ¼ 0 are inside the unit circle, i.e., H (z) is stable.
2. Roots of 1 þ GMðzÞHðzÞ ¼ 0 are inside the unit circle.

Unlike the classic RC systems, the stability range of the control gains kh for the
MRSC systems cannot directly be derived from the above conditions. Empirical
evidences show that the less the selected harmonics in the MRSC are, the larger the
stability range of the control gains kh is.

2.2.3.3 Zero-phase compensation design
Similar to the synthesis of the RC systems, the phase angle fh for Gh(z) will be
chosen to exactly compensate the delay of the closed-loop system H(z) at the cor-
responding harmonic frequency wh as:

fh ¼ �ffHðejwhÞ ¼ �qh (2.34)

This means that zero-phase compensation is obtained at w¼wh [32,34]. It will
allow a large stability range for its gain kh at the harmonic frequency wh.

For an MRSC, each RSC component GhðsÞ can independently choose its
gain kh and its phase compensation angle fh at its corresponding frequency wh.
Since the dynamic response at any harmonic frequency is proportional to the gain
for the corresponding RSC component, a larger gain will yield faster dynamic
response. Moreover, the dynamic response of an RSC component is proportional
to its corresponding resonant frequency wh. Therefore, in order to optimize its
overall performance in response to a periodic signal (disturbance) with an unevenly
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distributed harmonic spectrum, the following rules-of-thumb can be applied to the
synthesis of the MRSC scheme:

● The gain for each RSC component would be proportional to its portion in the
total harmonic spectrum.

● To enforce all harmonic frequencies at the same convergence rate, the gain for
each RSC component would be inversely proportional to its resonant frequency.

2.2.4 RSC – Generalized integrator for sinusoidal signals
Balanced three-phase sinusoidal signals can be transformed into two orthogonal
signals in the stationary frame (SF), and then into two DC signals in the synchro-
nous reference frame (SRF). Furthermore, any set of unbalanced three-phase
sinusoidal signals can be decomposed into the sum of one set of balanced three-
phase positive-sequence sinusoidal signals, one set of balanced three-phase nega-
tive-sequence sinusoidal signals, and one set of balanced zero-sequence sinusoidal
signals. Therefore, for three-phase power plants, zero steady-state tracking of
sinusoidal signals can be achieved by using proportional–integral (PI) controllers in
the SRF [23,37–40] due to its infinite gain at the DC frequency.

For a three-phase system, the reference frame transformation (abc ? ab) can
be expressed as:

xa
xb

� �
¼ 2

3

1 � 1
2

� 1
2

0

ffiffiffi
3

p

2
�

ffiffiffi
3

p

2

0
BBB@

1
CCCA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
C

xa

xb

xc

0
@

1
A (2.35)

where C is the Clark transform matrix, xa and xb are variables in the stationary
orthogonal ab frame, xa, xb, xc are variables in the stationary symmetric abc frame
and xa þ xb þ xc ¼ 0. Following, the transformation from the stationary orthogonal
ab frame to the synchronous rotating orthogonal dq frame can be expressed as:

xd

xq

� �
¼ cos q sin q

�sin q cos q

� �
xa
xb

� �
(2.36)

where xd and xq are variables in the synchronous rotating orthogonal dq frame and
q ¼ wt with t being the time instant and w being the rotating speed of the dq frame,
is the angle between the dq and ab frames.

In the vector form, the transformations between the synchronous dq frame and
the stationary ab frame can be written as:

*xdq ¼ *xabe�jw0t ¼ *xab cosðwtÞ � j sinðwtÞð Þ
*xab ¼ *xdqejw0t ¼ *xdq cosðwtÞ þ j sinðwtÞð Þ

(2.37)

where *xdq ¼ xd þ jxq and *xab ¼ xa þ jxb. The transformation is also illustrated in
Figure 2.9.
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In a three-phase system, GdqðsÞ in both positive-sequence and negative-
sequence SRF synchronous dq frame are integral regulators as:

Gþ
dqðsÞ ¼ G�

dqðsÞ ¼ GdqðsÞ ¼
ki

s
0

0
ki

s

0
BB@

1
CCA (2.38)

where ki is the coefficient.
As shown in Figure 2.10, the equivalent controller in the stationary ab frame

for the combination of the integral controllers GdqðsÞ in both positive- and nega-
tive-sequence SRFs can then be written as:

GabðsÞ ¼ 1
2

Gdqðsþ jwÞþGdqðs� jwÞ jGdqðsþ jwÞ�Gdqðs� jwÞ
�jGdqðsþ jwÞþ jGdqðs� jwÞ Gdqðsþ jwÞþGdqðs� jwÞ

 !

¼ 1
2

2kis

s2þw2

2kiw
s2þw2

� 2kiw
s2þw2

2kis

s2þw2

0
BBB@

1
CCCA

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Gþ
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� 2kiw
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s2þw2
0

0
2kis
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0
BB@

1
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(2.39)

where w is the rotating velocity of the SRF [33].
Furthermore, the generic RSC of (2.29) can be rewritten as [32]:

GhðsÞ ¼ kh
s cos fh � wh sin fh

s2 þ w2
h

¼ kh

2
1

s � jwh
ejfh þ 1

s þ jwh
ej�fh

� �
(2.40)

From (2.39) and (2.40), it is clear that the RSC in the stationary frame is
equivalent to the combination of two integrators in both positive- and negative-
sequence SRFs. Therefore, RSC components are taken as generalized integrators [23].

q

xβ

xdxq

xα

x

d

β

α

ω

Figure 2.9 Relationship between the synchronous dq frame and the stationary
ab frame
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Furthermore, a PR controller in the stationary frame is equivalent to the combination
of two PI controllers in both positive- and negative-sequence SRFs.

Nevertheless, compared with the PR controller in the SF, the equivalent PI
controllers in the SRFs take much more computation and complexity due to
reference frame transformations, and they are more sensitive to noise and error
appearing in the synchronization. Moreover, the PR controller can also be directly
applied to single-phase systems.

2.3 Discrete Fourier transform (DFT)-based RC

Using the Fourier series, any periodic signal can be decomposed into the sum of a
simple fundamental-frequency component and its harmonics. According to the
superposition principle, the steady-state control system response to a periodic sig-
nal can be calculated by adding up the steady-state frequency response to each
of these frequencies. To deal with periodic signals with selective harmonics, the
DFT [35,36] can then be adopted to flexibly construct the internal models of
the harmonics of interest.

2.3.1 DFT-based internal model of interested harmonics
A DFT-based FIR filter with a window equal to one fundamental period N (more
specifically, a discrete cosine transform) is given as [35,36]:

FdhðzÞ ¼ 2
N

XN

i¼1

cos
2p
N

hði þ NaÞ
� �

z�i ¼
XN

i¼1

ahðiÞz�i

 !
zNa ¼ QdhðzÞzNa

(2.41)

where i, N, h, and Na represent the i-th sample point, the number of samples per
fundamental period, the harmonic order, and the phase-lead compensation steps.

Positive Sequence Controller

Negative Sequence Controller

Gαβ(s)+

e(s) u(s)

Gαβ(s)–

Gαβ(s)

Gdq(s)+

Gdq(s)–

e jωt

e jωt

e –jωt

e –jωt

+

+

Figure 2.10 Equivalent RSC scheme in the stationary frame using integrators in
the synchronous rotating frame
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Equation (2.41) actually produces a cosine signal with the amplitude being 2/N.
This means that the DFT-based FIR filter creates a band-pass filter Qdh(z) with a
unity gain at the selected h-th order harmonic frequency and a zero gain at the
unselected harmonic frequencies. For example, if N ¼ 100, Na ¼ 0, and h ¼ 7, the
corresponding magnitude response of Fdh(z) is given in Figure 2.11, which only
allows the seventh-order harmonic to pass through.

Therefore, in order to create a comb filter for selected harmonics (giving the
appearance of a comb), a DFT-based FIR filter FDFT(z) can be given as [35,36]:

FDFTðzÞ ¼
X
h2Nh

FdhðzÞ ¼ 2
N

XN

i¼1

XNh

h2Nh

cos
2p
N

hði þ NaÞ
� � !

z�i (2.42)

where Fdh(z) denotes the band-pass filter only for the h-th order harmonic and Nh is
the set of the orders of the selected harmonic frequencies, respectively. Similarly,
the comb filter FDFT(z) of (2.42) can be rewritten as:

FDFTðzÞ ¼
XN

i¼1

bhðiÞz�i

 !
zNa ¼ QDðzÞzNa (2.43)

in which QD(z) is actually a band-pass comb filter with QDðe jwhÞj j ¼ 1 at the
selected harmonic frequencies and QDðe jwhÞj j ¼ 0 at the unselected harmonic fre-
quencies. Figure 2.12 gives the implementation of such a comb filter FDFT(z),
which might involve a large amount of calculation efforts and thus it is suitable for
fixed-point digital signal processor (DSP) implementation.

Like the classic RC, the digital signal generator for the selected harmonics
can be formed by the band-pass filter FDFT(z) with a positive feedback loop.
The internal model of the selected harmonics can be written as [35,36]:

ĜDFTðzÞ ¼ FDFTðzÞ
1 � FDFTðzÞ (2.44)
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Figure 2.11 Magnitude response of Fdh(z) with N ¼ 100, Na ¼ 0 and h ¼ 7
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where ĜDFTðzÞ is an DFT-based internal model of the selected harmonics, offering
a flexible way to selectively compensate the harmonics of interest by changing the
coefficients of the FIR filter FDFT(z). For example, if N ¼ 100, Na ¼ 0, and h ¼ 0, 1,
2, . . . , 49 (i.e., Nh ¼ 49 and all harmonics below the Nyqusit frequency are selec-
ted), (2.43) becomes an all-pass filter as follows:

FDFTðzÞ ¼
X
h2Nh

FdhðzÞ ¼ 2
100

X100

i¼1

X49

h¼0

cos h
2pi

100

� � !
z�i ¼ z�100

Therefore, the corresponding ĜDFTðzÞ of (2.44) becomes:

ĜDFTðzÞ ¼ z�100

1 � z�100

which is a typical internal model for the classic RC.

2.3.2 DFT-based RC scheme
Based on the internal model ĜDFTðsÞ of (2.44), a DFT-based RC shown in
Figure 2.13 can be derived as:

GDFTðzÞ ¼ urcðzÞ
eðzÞ ¼ kFFDFTðzÞ

1 � FDFTðzÞz�Na
¼ kFQDðzÞzNa

1 � QDðzÞ (2.45)

in which kF is the control gain for tuning the dynamic response, and Na represents
the number of leading steps for phase-lead compensation.

Remark 2.5 To achieve selective harmonics compensation, the DFT-based RC
system GDFT(z) of (2.45) is virtually equivalent to the classic RC of (2.5) with a
linear phase-lead compensator Gf ðzÞ ¼ zNa and a selective notch filter
QðejwÞj j � 1. It is also equivalent to an MRSC scheme of (2.30) with identical

coefficients and phase-lead compensation at all selected harmonic frequencies.

FDFT (z)

FDFT (z)

bh(1)

z–1 z–1 z–1

bh(2)

bh(i)

bh(N – Na)

z–N + Na

i < N – Na

Figure 2.12 Implementation of a comb filter FDFT(z)
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Remark 2.6 The DFT-based RC GDFT(z) provides a flexible selective harmonic
compensator. Like the classic RC, its computational complexity is independent of
the number of selected harmonics to be compensated. However, the implementation
of GDFT(z) would involve a large amount of parallel computation, which is pro-
portional to the fundamental period N for the FIR filter FFDT(z) of (2.42). There-
fore, GDFT(z) is more suitable for high-performance fixed-point DSP
implementation.

2.3.3 DFT-based RC system and design
Figure 2.14 presents a plug-in DFT-based RC system, where e(z) is the control
error, r(z) denotes the reference input, y(z) denotes the control output, d(z) is the
disturbance, Gc(z) is the feedback controller, Gp(z) is the control plant, and GDFT(z)
denotes the DFT-based RC. The transfer function from the reference input
r(z) and the disturbance d(z) to the error e(z) can be expressed as:

eðzÞ ¼ 1
1 þ GcðzÞGpðzÞ �

1
1 þ GDFTðzÞHðzÞ rðzÞ � dðzÞð Þ (2.46)

where HðzÞ ¼ GcðzÞGpðzÞ= 1 þ GcðzÞGpðzÞ
� �

denotes the closed-loop transfer
function without the plug-in RC GDFT(z).

From (2.46), it can also be derived that the overall closed-loop DFT-based RC
system shown in Figure 2.14 is stable if the following conditions hold:

1. Roots of 1 þ GcðzÞGpðzÞ ¼ 0 are inside the unit circle, i.e., H(z) is stable.
2. Roots of 1 þ GDFTðzÞHðzÞ ¼ 0 are inside the unit circle.

The above stability conditions for the plug-in DFT-based RC system are
actually compatible to other plug-in PC systems. Similar to MRSC systems, the
stability range of the control gain kF for the DFT-based RC systems cannot directly
be derived from the above conditions. However, empirical evidences show that the
less the selected harmonics in DFT-based RC are, the larger the stability range of
the control gain kF is.

e(z) kF

FDFT(z)

urc(z)

z –Na

+
+

Figure 2.13 A DFT-based RC scheme GDFT(z)
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2.3.4 Modified DFT-based RC scheme
In order to enable independent tuning of the coefficient at each selected harmonic
frequency, the DFT-based RC is modified, as shown in Fig. 2.15. It can be seen that
a modified band-pass comb filter is adopted, which can be expressed as:

F 0
DFTðzÞ ¼

X
h2Nh

F 0
dhðzÞ ¼

X
h2Nh

2
N

XN

i¼1

ah cos
2p
N

hði þ NaÞ
� �� �

z�i

( )
(2.47)

where ah denotes the weighted coefficient for the selected h-th order harmonic
and

P
h2Nh

ah ¼ 1. The corresponding modified DFT-based RC can thus be
written as:

G0
DFTðzÞ ¼

urcðzÞ
eðzÞ ¼ F 0

DFTðzÞ
1 � F 0

DFTðzÞz�Na
¼

kF

X
h2Nh

F 0
dhðzÞ

1 � z�Na

X
h2Nh

F 0
dhðzÞ

(2.48)

Remark 2.7 The modified DFT-based RC scheme of (2.48) is equivalent to an
MRSC controller with an identical phase compensation gain for all the RSC
components. However, it still allows us to optimize its dynamic response by tun-
ing the coefficient for each selected RSC component (i.e., tuning the weighted
coefficient ah).

r(z)
e(z)

GDFT(z)

Gc(z) Gp(z)

d(z)

y(z)

Add-on

+ + + + +
–

Figure 2.14 A plug-in (add-on) DFT-based RC system

e(z) kF urc(z)

z–Na

F¢DFT(z)

+
+

Figure 2.15 A modified DFT-based RC scheme G0
DFT(z)
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2.4 Basis function

In mathematics, a basis function is an element of a particular basis for a function
space. Every continuous function in the function space can be represented as a
linear combination of the basis functions [41]. For example, any periodic signal or
function can be decomposed into the sum of a (possibly infinite) set of simple
oscillating functions, namely sines and cosines (or, equivalently, complex expo-
nentials). A periodic function f ðtÞ with a period of T0, which is integrable within an
interval [t0, t0þT0], can be decomposed into [42]:

f ðtÞ ¼ a0

2
þ
X1
n¼1

an cos
2npt

T0
þ bn sin

2npt

T0

� �
¼
X1
n¼0

cnej2npt
T0 (2.49)

where

a0 ¼ 1
T

ðt0þT0

t0

f ðtÞdt

an ¼ 1
T

ðt0þT0

t0

f ðtÞcos
2npt

T0

� �
dt

bn ¼ 1
T

ðt0þT0

t0

f ðtÞsin
2npt

T0

� �
dt

cn ¼ 1
T

ðt0þT0

t0

f ðtÞe�j2npt
T0 dt

In (2.49) the complex exponential functions e�jnw0t; or the sine functions
sin ðnw0tÞ and the cosine functions cos ðnw0tÞ with w0 ¼ 2p=T0 construct the
basis functions for the periodic function f ðtÞ. Consequently, taking the Laplace
transform, the internal model for the periodic function f ðtÞ can be correspond-
ingly represented as a linear combination of resonant controllers – the internal
models for sine and cosine functions, i.e., basis functions. Therefore, (2.49) can
be written as:

FðsÞ ¼ a0

2
þ
X1
n¼1

ans

s2 þ ðnw0Þ2 þ
bnðnw0Þ

s2 þ ðnw0Þ2

 !
¼
X1

n¼�1

cn

s � jðnw0Þ
� �

(2.50)

where the resonant controllers are basis functions for the periodic function f ðtÞ.
Compared with (2.2), (2.50) can be treated a basis function-based RC. Furthermore,
(2.50) can be discretized into its discrete-time form by means of the Tustin trans-
formation with frequency pre-warping as:

s ¼ ðnw0Þ
tanðnw0T=2Þ

z � 1
z þ 1

(2.51)
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Similarly, a new set of basis functions for the RC of periodic signals was
developed in [43,44]. Assuming that a periodic reference signal with a period of
T0 is uniformly sampled with the sampling period of Ts, the corresponding dis-
crete sequence within one period is given as r(k), where k ¼ 0, 1, 2, . . . , N�1 and
N ¼ T0/Ts is assumed to be an odd integer. From the Fourier analysis [8], this
discrete periodic signal r(k) can be uniquely represented by the inverse Fourier
transform as:

rðkÞ ¼ 1
N

XN�1

m¼0

R ej2pm=N
� 	

ej2pmk=N (2.52)

where N is the number of samples within a period and Rðe j2pm=N Þ (m ¼ 0, 1, 2, . . . ,
N �1) are the frequency components in the periodic signal. Note that the discrete
frequencies are at 0, 2p/N, ..., 2p(N�1)/N. For simplicity, the fundamental fre-
quency is denoted as w0 ¼ 2p/N.

The z-transform of the signal rðkÞ is defined as:

RðzÞ ¼
XM�1

k¼0

rðkÞz�k (2.53)

Substituting (2.52) into (2.53) yields [44]:

RðzÞ ¼
XðN�1Þ=2

m¼�ðN�1Þ=2

R ejmw0
� �

HmðzÞ (2.54)

where HmðzÞ is termed the m-th order harmonic filter and has the form:

HmðzÞ ¼ 1
N

1 � z�N

1 � e jmw0 z�1
¼ 1

N
1 þ e jmw0 z�1 þ . . .þ e jðN�1Þmw0 z�ðN�1Þ
� 	

(2.55)

where the odd number N is assumed to include the zero frequency.
The m-th order harmonic filter HmðzÞ in (2.55) can be treated as two-cascaded

filters as follows:

HmðzÞ ¼ 1
N

1
1 � ejmw0 z�1

� �zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{generalized integrator at mw0

� 1 � z�N
� �zfflfflfflfflfflffl}|fflfflfflfflfflffl{

comb filter with notches
at all harmonic frequencies

(2.56)

Remark 2.8 From (2.56), it can be found that HmðzÞ is actually a band-pass filter
at the harmonic frequency mw0, which is similar to the DFT-based FIR filter Fdh(z)
in (2.41). HmðzÞ in (2.56) offers a general selective harmonic band-pass filter.
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For instance, Figure 2.16 gives the magnitude response of the seventh-order
harmonic band-pass filter:

H7ðzÞ ¼ 1
N

1
1 � e j7w0 z�1

� �
� 1 � z�N
� �

Furthermore, RðzÞ in (2.54) can also be written in terms of real (denoted as Re) and
imaginary (denoted as Im) parts of the frequency component Rðe jmw0Þ as:

RðzÞ ¼ 1
N

1 � z�N

1 � z�1
R ej0
� �þ XN�1ð Þ=2

m¼1

Re Rðe jmw0ÞFRmðzÞ
� �þ Im Rðe jmw0ÞFImðzÞ

� �� �
(2.57)

where FRmðzÞ and FImðzÞ are the mth-order harmonic filters given by:

FRmðzÞ ¼ 1
N

2 1 � cosðmw0Þz�1ð Þ 1 � z�Nð Þ
1 � 2 cosðmw0Þz�1 þ z�2

(2.58)

and

FImðzÞ ¼ 1
N

2 sinðmw0Þz�1 1 � z�Nð Þ
1 � 2 cosðmw0Þz�1 þ z�2

(2.59)

being two second-order filters. Note that the denominators of the filters in (2.58)
and (2.59) are actually the same as that of the resonant controller in (2.31).

Remark 2.9 The classic RC, RSC, and DFT-based RC are further bridged by the
basis functions. All the basis function sets for these three fundamental periodic
controllers are based on the IMP for regulating the periodic signals of interest.
An individual basis function for a periodic signal is corresponding to a resonant
controller at the targeted harmonic frequency [43–45].
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Figure 2.16 Magnitude response of the seventh-order harmonic band-pass filter
H7(z) with N ¼ 200 and h ¼ 7
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2.5 Summary

By including the internal models of interested harmonics in three different ways,
fundamental IMP-based PC strategies – the classic RC, the MRSC, and the DFT-based
RC, provide very simple but effective control solutions to the compensation of
periodic signals. However, fundamental periodic controllers fail to offer optimal
compensation of interested harmonics with high accuracy, fast dynamic response,
good robustness, and easy implementation. These fundamental PC strategies face
important challenges as follows:

1. Classic repetitive control –
● Consumes light computation and it is easy for implementation due to its

compact form.
● It can achieve high accuracy due to its included internal models of all

harmonics.
● It is impossible for the classic RC to optimize its dynamic response by

independently tuning the coefficient and phase compensation at each
selected harmonic frequency. Thus, the classic RC often yields slow
dynamic response.

● The stability range of the control gain krc can be derived from the entire
RC system stability conditions.

● It assumes that the fundamental period N is an integer and it is known.
● The linear phase-lead step p is an integer.

2. Multiple resonant control –
● Offers very fast dynamic response and it has good system stability. Both

control gains kh and phase compensation fh at each selected harmonic
frequency can be independently and finely tuned.

● It provides flexible selective harmonics compensation. It can improve its
control accuracy by flexibly adding parallel RSC components.

● Empirical evidences show that the less the selected harmonics in the
MRSC are, the larger the stability range of the control gains kh is.

● A large amount of RSC components are needed to achieve high control
accuracy, but will increase the parallel computation burden and it has
tuning difficulties in implementation.

3. DFT-based repetitive control –
● It is equivalent to the classic RC with a phase-lead compensator.
● A modified DFT-based RC allows optimizing its dynamic response by

tuning the control gain at each selected harmonic frequency.
● Empirical evidences show that the less the selected harmonics in the DFT-

based RC are, the larger the stability range of the control gains is.
● It provides flexible selective harmonics compensation. Its implementation

would involve a large amount of parallel computation, which is propor-
tional to the fundamental period N. It is thus more suitable for high-
performance fixed-point DSP implementation.

● The linear phase-lead step Na is an integer.
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Obviously, internal models of harmonics act as generalized ‘‘integrators’’ for
periodic signals. The plug-in control strategy that includes feedback control plus
PC can actually be regarded as general proportional–integral–derivative (GPID)
control strategy for periodic signals. The classic RC, the MRSC, and the DFT-
based RC form the fundamental control schemes of a unified IMP-based PC. In
order to achieve optimal selective harmonics compensation, advanced IMP-based
PC strategies will be investigated in the next chapter.
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Chapter 3

Advanced periodic control for power
harmonics mitigation

Abstract

The rapidly growing amount of power harmonics injected by power electronic
converter interfaced loads and distributed generator systems may cause serious
power quality problems in the electrical power systems, such as harmonic losses,
resonances, device malfunction, and even entire system instability. Power harmo-
nics induced by power electronics converters usually concentrate on some specific
frequencies. For instance, single-phase H-bridge converters mainly produce (4k � 1)
(k ¼ 1, 2, . . . )-order power harmonics, while n-pulse (n ¼ 6, 12, . . . ) converters,
such as in high-voltage direct current (HVDC) transmission systems, mainly pro-
duce (nk � 1) (k ¼ 1, 2, . . . )-order power harmonics [1–7], and also diode rectifiers
loads used in many applications disturb the grid. As discussed in Chapter 2, the
IMP-based fundamental periodic controllers fail to optimally compensate power
harmonics with high control accuracy, while maintaining fast dynamic response,
guaranteeing robustness, and being feasible for implementation.

To address these issues, this chapter will explore advanced IMP-based PC
technologies [8] for optimal power harmonics compensation. The general design
methodology also comprises an internal model for selective power harmonic sig-
nals and synthesis methods for plug-in PC systems. These advanced PC schemes
not only exploit the periodicity of reference/disturbance, but also account for its
harmonic frequency distribution. The relationship between fundamental periodic
controllers and advanced ones will be demonstrated.

3.1 Parallel structure repetitive control (PSRC)

Parallel RSC controllers enable the multiple RSC (MRSC) controller to indepen-
dently and finely tune the control gain and the phase compensation angle for every
resonant controller (RSC) at each selected harmonic frequency, and then to offer
both fast dynamic response and good system stability. However, the MRSC may
need a large amount of RSC components to achieve high control accuracy, but at
the cost of heavy parallel computational burden and tuning difficulties in practical
implementation. Classic repetitive controller (CRC) consumes light computation



and is easy for implementation due to its compact delay-based infinite impulse
response (IIR) filter form. The CRC can achieve high accuracy due to its included
internal models of all harmonics, but cannot optimize its dynamic response by
independently tuning control gains and phase compensation at each selected har-
monic frequency.

Considering the featured power harmonics distribution, a parallel structure
repetitive control (PSRC) RC which includes complex internal models for featured
power harmonics, is developed to take advantages of both the MRSC and the CRC
for better power harmonics mitigation in this section.

3.1.1 Complex internal model of selective harmonics
Given that (nk � 1)-order harmonics dominate the power harmonics, as shown in
Figure 3.1, in order to compensate selected (nk � m) (k ¼ 0, 1, 2, . . . and m < n)-
order harmonics, like the internal model in (2.2) for the CRC, a compact delay-
based selective harmonics generator, i.e., the internal model of (nk � m)-order
harmonics, is formulated in [9,10] as:

Ĝ�mðsÞ ¼ uðsÞ
eðsÞ ¼

e�sT0=n� jð2pm=nÞ

1 � e�sT0=n� jð2pm=nÞ ¼ e�2p s=ðnw0Þ� jðm=nÞ½ �

1 � e�2p s=ðnw0Þ� jðm=nÞ½ �

¼ e� jð2pm=nÞ

esT0=n � e� jð2pm=nÞ (3.1)

in which T0 has been defined previously, n and m are integers with n > m � 0.
Figure 3.2 exemplifies the internal model of nk þ m, where n ¼ 6 and m ¼ 1. Since

Ĝ�mðsÞ ¼ e�2p s=ðnw0Þ�jðm=nÞ½ �

1 � e�2p s=ðnw0Þ�jðm=nÞ½ �

¼ � 1
2
þ n

T0
� 1
s � jmw0

þ 2n

T0

Xþ1

k¼1

s � jmw0

ðs � jmw0Þ2 þ n2k2w2
0

(3.2)

where w0 ¼ 2pf0 ¼ 2p=T0, k ¼ 0, 1, 2, . . . and m ¼ 0, 1, 2, . . . , n � 1. From (3.2),
it is clear that the complex internal model of (3.1) is equivalent to a parallel com-
bination of RSC components at �(nk � m)-order harmonic frequencies with
the coefficient 2n/T0. Notice that the signal generator ĜmðsÞ has poles at
s ¼ jð�nk � mÞw0, and then exhibits infinite gains at these harmonic frequencies.
The infinite gains will lead to zero tracking errors exclusively at these frequencies
if ĜmðsÞ is included into the closed-loop system.

e(s) e�sT0/n e�j2πm/n u(s)
�

�

Figure 3.1 Complex internal model for selective harmonics in (3.1)
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Remark 3.1 To compensate the featured (nk � m)-order harmonics, (3.1) offers a
compact tailor-made complex internal model of �(nk � m)-order harmonic
frequencies.

Consequently, in order to cover all harmonics for compensation, a general parallel-
structure internal model can be given as:

ĜprcðsÞ ¼
Xn�1

m¼0

ĜmðsÞ
� � ¼Xn�1

m¼0

e jð2pm=nÞ

esT0=n � e jð2pm=nÞ

� �
(3.3)

where all the internal models of �nk þ m order harmonics are connected in
parallel.

3.1.2 Parallel structure RC
As mentioned in Chapter 2, for multiple harmonics compensation, the MRSC
[11–25] offers much faster dynamic response than what the CRC [25–35] does
because all RSC components of the MRSC are connected in parallel and allow
independent tuning of the control gain kh and phase compensation fh for each RSC
component. Likewise, in order to achieve much faster dynamic response for the
RC, based on the internal model of (3.3), a prototype parallel structure repetitive
controller (PSRC) can be created as:

GpsrcðzÞ ¼
Xn�1

m¼0

kpmĜmðsÞ
� � ¼Xn�1

m¼0

kpm
e jð2pm=nÞ

esT0=n � e jð2pm=nÞ

� �
(3.4)
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Figure 3.2 Bode plots of the internal model of 6k þ 1 harmonics in (3.1), where
T0 ¼ 0.02 s
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where kpm with the subscript m ¼ 0, 1, . . . , n � 1 are control gains for tuning the
convergence rate.

Lemma 3.1 Let kpm ¼ krc/n, m ¼ 0, 1, 2, . . . , n � 1, the prototype PSRC scheme of
(3.4) will be equivalent to a prototype CRC [9,10]. Then, the following equation is
tenable:

GpsrcðsÞ ¼
Xn�1

m¼0

kpmĜmðsÞ
� � ¼Xn�1

i¼0

krc

n

� �
e jð2pm=nÞ

esT0=n � e jð2pm=nÞ

� �
¼ krc

e�sT0

1 � e�sT0
(3.5)

Proof: From (2.3), (3.2), and (3.4), we know that the prototype PSRC can be
written as:

GpsrcðsÞ ¼
Xn�1

m¼0

krc

n
ĜmðsÞ

� �

¼
Xn�1

m¼0

krc

n
� 1

2
þ n

T0
� 1
s � jmw0

þ 2n

T0

Xþ1

k¼1

s � jmw0

ðs � jmw0Þ2 þ n2k2w2
0

" #

¼ krc � 1
2
þ 1

T0s
þ 2

T0

X1
n¼1

s

s2 þ ðnw0Þ2

" #
¼ krc

e�sT0

1 � e�sT0
¼ GrcðsÞ: (3.6)

In order to compensate multiple harmonics, the MRSC requires the same
amount of paralleled RSC components; as shown in Figure 3.3, while the number
of paralleled compact delay-based internal models for selected (nk � m)-order
harmonics in the PSRC is only up to n. A much less number of paralleled compact
delay-based internal models with weighted coefficients enables the PSRC to
achieve a good trade-off among the fast dynamic response, the light computation,
and the easy implementation. The PSRC naturally bridges the CRC and the MRSC.

kp0 Q0(s)

Qm(s) Gf (s) u(s)

Gf (s)Qn–1(s)

Gf (s)+

+

+

+

+ +

kpm

kp(n–1)

e(s)

e–s
T0
n + j0

e–s
T0
n n+ j    

2πm

e–s
T0
n n+ j

2π(n–1)

Σ

Figure 3.3 General parallel-structure RC scheme with n units

62 Periodic control of power electronic converters



In practical PSRC applications, a low-pass or band-pass filter Qm(z) is usually used
to select the interested harmonics for compensation and enhance the system
robustness, as shown in Figure 3.3. Furthermore, a phase-lead compensator Gf (z) is
also incorporated in Figure 3.3 to improve the system stability and control perfor-
mance [36–41]. Straightforwardly, considering practical implementation issues, the
PSRC scheme is given as [9,10]:

GpsrcðsÞ ¼
Xn�1

m¼0

kpmĜ
0
mðsÞGf ðsÞ

h i
¼
Xn�1

m¼0

kpm
e jð2pm=nÞQmðsÞ

esT0=n � e jð2pm=nÞQmðsÞGf ðsÞ
� �

(3.7)

where Ĝ
0
mðsÞ is the modified Ĝm sð Þ with m ¼ 0, 1, . . . , n � 1.

From (3.2) and (3.7), it is known that:

● When QmðsÞ ! 1, the PSRC GpsrcðsÞ ! 1 at poles s ¼ j (�nk þ m)w0, and
thus offering exact tracking control of periodic signals at selected frequencies
(�nk þ m)f0. The PSRC offers an accurate control solution to the compensa-
tion of selected harmonics.

● The coefficients for �nk þ m order harmonic frequencies in (3.4) are n times
as large as those of the CRC of (2.2). Hence, when QmðsÞ ! 1, the error
convergence rate at �nk þ m order harmonic frequencies employing the PSRC
Gpsrc(s) of (3.7) will be n times faster than what the CRC can achieve.

Lemma 3.2 Let kpm ¼ krc/n and Qm(s) ¼ Q(s) with m ¼ 0, 1, 2, . . . , n � 1, the
PSRC scheme of (3.7) is equivalent to the CRC scheme with the control gain being
krc and low-pass or band-pass filter Qn(s) (as shown in Figure 3.4), i.e.:

GpsrcðsÞ ¼ krc

n

Xn�1

m¼0

ejð2pm=nÞQðsÞ
esT0=n � ejð2pm=nÞQðsÞGf ðsÞ ¼ krc

QnðsÞ
esT0 � QnðsÞGf ðsÞ (3.8)

Proof: When n ¼ 1, we can easily obtain that (3.8) is tenable. When n > 1,
let x ¼ esT0=n. Thus, if the following equation can be proved, (3.8) is then tenable:

1
n

Xn�1

m¼0

e jð2pm=nÞ

x � e jð2pm=nÞ ¼

1
n

Pn�1

m¼0
e jð2pm=nÞ Qn�1

i¼0
i 6¼m

x � e jð2pi=nÞ� 	
2
664

3
775

8>><
>>:

9>>=
>>;

Qn�1

m¼0
x � e jð2pm=nÞð Þ

¼ 1
xn � 1

(3.9)

e(s) +
+

krc e–sT0 Qn(s) Gf (s) u(s)

Figure 3.4 Equivalent structure of the PSRC scheme to the CRC scheme
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Because the roots of xn � 1 ¼ 0 are ej2pk/n with k ¼ 0, 1, . . . , n � 1, we can obtain:

xn � 1 ¼
Yn�1

k¼0

x � e jð2pk=nÞ

 �

Therefore, if the following equation can be proved, (3.9) is tenable:

Xn�1

m¼0

e jð2pm=nÞ Yn�1

i¼0
i 6¼m

x � e jð2pi=nÞ

 �

2
6664

3
7775 ¼ n (3.10)

Let

qðxÞ ¼
Xn�1

m¼0

ejð2pm=nÞ Yn�1

i¼0
i 6¼m

x � e jð2pi=nÞ

 �

2
6664

3
7775� npðxÞ ¼ xn � 1

¼
Yn�1

m¼0

x � e jð2pm=nÞ

 �

am ¼ e jð2pm=nÞ;m ¼ 0; 1; . . .; n � 1

We have to prove that

qðxÞ ¼ 0

Notice that

qðamÞ ¼ am � p0ðamÞ � n ¼ am � n � an�1
m � n ¼ 0;m ¼ 0; 1; . . .; n � 1 (3.11)

Thus, (3.9) and (3.10) are proved, and then (3.8) is proved. Lemma 3.2 is
proved.

In practical applications, the PSRC is usually implemented in its digital form.
As shown in Figure 3.5, the digital PSRC can be written as:

GpsrcðzÞ ¼
Xn�1

m¼0

kpmĜ
0
mðzÞGf ðzÞ

h i
¼
Xn�1

m¼0

kpm
e jð2pm=nÞ � z�N=nQmðzÞ

1 � e jð2pm=nÞ � z�N=nQmðzÞGf ðzÞ
� �

(3.12)

where N ¼ T0/Ts [N with Ts being the sampling period, Ĝ
0
mðzÞ is the digital form

of the modified Ĝ
0
m sð Þ with m ¼ 0, 1, . . . , n � 1, Gf (z) is a phase-lead compensator,

such as a linear phase-lead compensator Gf zð Þ ¼ z p with p 2N, and the filter Qm(z)
often employs a finite impulse response (FIR) low-pass filter as follows:

QmðzÞ ¼
Xn

i¼1

aiz
i þ a0 þ

Xn

i¼1

aiz
�i

 !,
2
Xn

i¼1

ai þ a0

 !
(3.13)
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where ai > 0 and n [N with n � ðN � 1Þ=2. It is clear that Qmðe jwÞj j � 1 and
ffQmðe jwÞ ¼ 0.

Obviously, when Qmðe jwÞj j ! 1, the poles of (3.12) are located at
(�nk þ m)w0, with |�nk þ m| � N/2, m ¼ 0, 1, 2, . . . , n � 1, k 2N. Likewise, let
kpm ¼ krc/n, m ¼ 0, 1, 2, . . . , n � 1, the digital PSRC becomes the digital CRC
scheme.

Remark 3.2 The total number of memory cells of the PSRC is N, which is equal to
that of the CRC. If any group of harmonics is insignificant, its corresponding
internal model can be removed from (3.4). This implies that the digital PSRC
occupies the same or less amount of data memory as what the digital CRC does.

3.1.3 Digital PSRC system and design
Figure 3.6 shows a typical closed-loop control system with a plug-in digital PSRC
system, where Gp(z) is the plant, Gc(z) is the conventional feedback controller,
Gpsrc(z) is the PSRC scheme, r(z) is the reference input, y(z) is the output, e(z) ¼ r
(z) � y(z) is the tracking error and the input of Gpsrc(z), and d(z) is the disturbance
[40,41]. Qm(z) with |Qm(e jw)| � 1 with m ¼ 0, 1, . . . , n � 1 is usually employed
in the PSRC scheme to select the harmonics of interest for compensation and
make a good trade-off between the tracking accuracy and the system robustness
[36–38].

e(z) kpm

kp(n–1)

kp0 e j0 Gf (z)Q0(z)

Qm(z)

Qn–1(z)

Gf (z) u(z)

Gf(z)

e j 2πm

z– N
n

n

e j 2π(n–1)
n

z– N
n

z– N
n

+

+

+

+

+ +

Σ

Figure 3.5 General digital parallel-structure RC (PSRC) scheme

r(z)
e(z) + +

Gpsrc(z)

Gc(z) Gp(z)

d(z)
Add-on

y(z)+++
–

Figure 3.6 Digital add-on parallel-structure repetitive control system
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In Figure 3.6, the output y(z) of the entire system can be expressed as:

yðzÞ ¼ GrðzÞ � rðzÞ þ GdðzÞ � dðzÞ

¼ 1 þ GpsrcðzÞ
� �

HðzÞ
1 þ GpsrcðzÞHðzÞ rðzÞ þ 1 þ GcðzÞGpðzÞ

� ��1

1 þ GpsrcðzÞHðzÞ dðzÞ (3.14)

where Gr(z) is the transfer function from r(z) to y(z), Gd (z) is the transfer function
from d(z) to y(z), and H(z) is the transfer function of the feedback control system
without the add-on PSRC system. And:

HðzÞ ¼ yðzÞ
rðzÞ ¼

GcðzÞGpðzÞ
1 þ GcðzÞGpðzÞ (3.15)

is assumed to be asymptotically stable.
Without loss of generality, H(z) can be described by:

HðzÞ ¼ BðzÞ
AðzÞ ¼

z�cBþðzÞB�ðzÞ
AðzÞ (3.16)

where c represents known delay steps with c 2 0;N=n½ �, all characteristic roots of
AðzÞ ¼ 0 are inside the unit circle, BþðzÞ and B�ðzÞ are the cancelable and un-
cancelable parts of B(z), respectively [36–38], B�ðzÞ comprises roots on or outside
the unit circle and undesirable roots, which are in the unit circle and BþðzÞ com-
prises roots of B(z), which are not in B–(z).

The compensation filter Gf ðzÞ can be chosen as [9,10], [36–38]:

Gf ðzÞ ¼ zcAðzÞB�ðz�1Þ
BþðzÞb (3.17)

where b � max B�ðe jwÞj j2. Since the PSRC will introduce N/n-step delay z�N/n

(usually n 
 N) and N=n � c, Gf (z) with a noncausal component zc can be
implemented in the PSRC system [9,10].

Therefore, there is an inverse function Gf (z) of H(z) such that:

GfHðzÞ ¼ Gf ðzÞHðzÞ ¼ B�ðz�1ÞB�ðzÞ
b

(3.18)

Thus, let Gf zð ÞH zð Þ ¼ NGHðwÞe jqGH with z ¼ e jw, and we have:

NGHðwÞ ¼ Gf ðe jwÞHðe jwÞ�� �� ¼ B�ðz�1ÞB�ðzÞ
b

� 1 and qGH ¼ 0 (3.19)

Equation (3.19) implies that zero-phase compensation is achieved. Zero-phase
compensation will significantly simplify the design of the PSRC [36–38].
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Theorem 3.1 For the closed-loop PSRC system shown in Figure 3.6 with
the constraints (3.14)–(3.19), if the control gains km � 0 (the subscript m ¼ 0,
1, 2, . . . , n � 1) satisfy the following inequalities [9,10]:

0 <
Xn�1

i¼0

km < 2 (3.20)

then the closed-loop PSRC system is asymptotically stable.

Proof: From (3.14) to (3.19), and Figure 3.6, we can obtain:

yðzÞ ¼ GrðzÞrðzÞ þ GdðzÞdðzÞ

¼
1 þ Pn�1

m¼0
kpmĜ

0
mðzÞ

h i
Gf ðzÞ

� �
HðzÞ

1 þ GfHðzÞ
Pn�1

m¼0
kpmĜ

0
mðzÞ

h i rðzÞ þ 1 þ GcðzÞGpðzÞ
� ��1

1 þ GfH ðzÞ
Pn�1

m¼0
kpmĜ

0
mðzÞ

h i dðzÞ

(3.21)

Let z ¼ |z|e jw with |z| ¼ a, and

QmðzÞ ¼ NqmðwÞe jqqmðwÞ; m ¼ 0; 1; 2; . . .; n � 1

where

NqmðwÞ ¼ QmðejwÞ�� �� � 1; m ¼ 0; 1; 2; . . .; n � 1

then we have:

Re Ĝ
0
mðzÞ

h i
¼ Re

e jð2pm=nÞz�N=n � QmðzÞ
1 � e jð2pm=nÞz�N=nQmðzÞ
� �

¼ Re
1

e�jð2pm=nÞzN=nQ�1
m ðzÞ � 1

� �

¼ Re
aN=n

NqmðwÞ e j Nw
n �qqmðwÞ�2p

n mð Þ � 1

� ��1
" #

; m ¼ 0; 1; 2; . . .; n � 1

(3.22)

Let bm ¼ aN/n/Nqm (w) and qm ¼ Nw/n � qqm (w) � 2pm/n, with m ¼ 0, 1, . . . ,
n � 1. If |z| ¼ a � 1, we have bm � aN/n � a � 1 due to usually N � n in practice.
Equation (3.22) can be rewritten as:

Re Ĝ
0
mðzÞ

h i
¼ Re

1
bme jqm � 1

� �
¼ Re

ðbm cos qm � 1Þ � jbm sin qm

ðbm cos qm � 1Þ2 þ ðbm sin qmÞ2

" #

¼ bm cos qm � 1
b2

m þ 1 � 2bm cos qi
; m ¼ 0; 1; 2; . . .; n � 1 (3.23)
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If bm cos qm � 1 � 0 (m ¼ 0, 1, 2, . . . , n � 1), we have:

Re Ĝ
0
mðzÞ

h i
¼ bm cos qm � 1

b2
m þ 1 � 2bm cos qm

� 0; m ¼ 0; 1; 2; . . .; n � 1

If bm cos qm � 1 < 0 (m ¼ 0, 1, 2, . . . , n � 1), we have:

b2
m þ 1 � 2bm cos qm

bm cos qm � 1
¼ b2

m � 1
bm cos qm � 1

� 2 � a2 � 1
bm cos qm � 1

� 2 � �2

8 zj j ¼ a � 1; m ¼ 0; 1; 2; . . .; n � 1

As a consequence:

Re Ĝ
0
mðzÞ

h i
� � 1

2
; 8 zj j � 1; m ¼ 0; 1; 2; . . .; n � 1 (3.24)

Since

b � max B�ðejwÞ�� ��2
 �
¼ max B�ðe�jwÞB�ðe jwÞ� 	

> 0

Then

GfH ðe jwÞ ¼ B�ðe jwÞB�ðe�jwÞ
b

� 1 ) 1
GfH ðe jwÞ � 1 ) � 1

GfH ðe jwÞ � �1

From (3.14) to (3.19) and (3.24), we have:

min
zj j�1

Re
Xn�1

m¼0

kmĜ
0
mðzÞ

h i" #
¼ min

zj j�1

Xn�1

m¼0

kmRe Ĝ
0
mðzÞ

h i
 � !

� min
zj j�1

Xn�1

m¼0

km � 1
2

� �� � !
¼ min

zj j�1
� 1

2

� �Xn�1

m¼0

km

 !
> � 1

2
� 2

¼ �1 � � 1
GfH ðejwÞ ; 8 zj j � 1

This implies that:

1 þ GfH ðzÞ
Xn�1

m¼0

km � Ĝ
0
mðzÞ

h i
6¼ 0; 8 zj j � 1 (3.25)

Thus, all the poles pi with the subscript i ¼ 0, 1, . . . N � 1 of the transfer
functions Gr(z) and Gd(z) in (3.21) are inside the unit circle |z| ¼ 1, i.e., |pi| < 1.
Finally, the asymptotical stability of H(z) implies the asymptotical stability of the
closed-loop digital PSRC system in Figure 3.6.
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Remark 3.3 Theorem 3.1 indicates that both the sum of the control gains km of
the PSRC of (3.12) and the control gain krc of the CRC of (2.5) has the same
stability range. It can be easily seen that the stability criteria for the CRC system
[28–32] is compatible to Theorem 3.1. Since the PSRC provides a universal
framework for housing various RC schemes [9,10], Theorem 3.1 offers a universal
stability criterion for these RC systems.

Remark 3.4 Equation (3.2) indicates the coefficients for �nk þ m order harmonic
frequencies in (3.2) are n times as large as that of the CRC of (2.5). Moreover,
Theorem 3.1 shows that both the sum of control gains km of the PSRC and the
control gain krc of the CRC has the same stability range. Within the stability range,
large km for the major harmonics and small km (or even zero) for the minor har-
monics will enable the PSRC systems to achieve much faster (up to n times) error
convergence rate than what the CRC systems do. Hence, the error convergence
rate of the PSRC systems can be optimized by independently tuning the control
gains km according to the harmonics distribution.

Corollary 3.1: If the PSRC system in Figure 3.6 with the control gains km ¼ krc/n,
and filters Qm(z) ¼ Q(z), where m ¼ 0, 1, 2, . . . , n � 1, fulfils the following
condition [9,10]:

QnðzÞ 1 � krcGf ðzÞHðzÞ� 	�� �� < 1 (3.26)

then it is asymptotically stable, and the control gain krc satisfies:

0 < krc < 2 (3.27)

Proof: If km ¼ krc/n, and Qm(z) ¼ Q(z), where m ¼ 0, 1, 2, . . . , n � 1, according
to Lemma 3.2, the PSRC system in Figure 3.6 becomes the CRC system with the
control gain krc and filter Qn(z). From Figure 3.6 and (3.14), Gr(z) and Gd(z) can be
derived as:

yðzÞ ¼ GrðzÞrðzÞ þ GdðzÞdðzÞ ¼
1 � z�N QnðzÞ 1 � krcGf ðzÞ

� �
 �
HðzÞ

1 þ z�N QnðzÞ � 1 � krcGf ðzÞ � HðzÞ� � rðzÞ

þ 1 � z�N QnðzÞ½ � 1 þ GcðzÞGpðzÞ
� ��1

1 þ z�N QnðzÞ 1 � krcGf ðzÞHðzÞ� � dðzÞ
(3.28)

Obviously, if |Qn(z) (1 � krc Gf (z) H(z))| < 1, then all the poles pi (i ¼ 0, 1, . . . ,
N � 1) of Gr(z) and Gd(z) in (3.28) are inside the unit circle |z| ¼ 1. Therefore, the
asymptotical stability of H(z) implies that the closed-loop system transfer functions
Gr(z) and Gd(z) in (3.28) are asymptotically stable. Corresponding criteria can be
found in the CRC system [32].
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Let

QðzÞ ¼ NqðwÞexp jqqðwÞ
� 	

where NqðwÞ ¼ QðejwÞj j � 1.
Then, the formula in (3.21) can be expressed as:

Nn
q ðwÞ 1 � krcNGHðwÞe jqGH

�� �� < 1

Or equivalently,

1 � krcNGHðwÞcos qGH � jkrcNGHðwÞsin qGHj j < 1
Nn

q ðwÞ
(3.29)

Using the norm definition [40,41], we have:

0 < krc <
1 � N2n

q ðwÞ
N2n

q ðwÞ � krc � N2
GHðwÞ

þ 2 cos qGH

NGHðwÞ
Since ð1 � N2n

q ðwÞÞ=ðkrcN2
GHðwÞN2n

q ðwÞÞ � 0, to ensure the system stability
conservatively, we can choose:

0 < krc <
2 cos qGH

NGHðwÞ � 2
NGHðwÞ

Similarly, the conservative stability range of krc can be obtained as:

0 < krc < 2 (3.30)

Theorem 3.2 If the closed-loop PSRC system in Figure 3.6 with Qm(z) ¼ 1,
m ¼ 0, 1, 2, . . . , n � 1 is asymptotically stable, then the error e(k) in Figure 3.6
converges asymptotically to zero when its spectral content corresponds to the
frequencies of the roots of zN ¼ 1 [9,10].

Proof: The error transfer function T(z) of the closed-loop PSRC system is given by:

TðzÞ ¼ eðzÞ
rðzÞ � dðzÞ ¼

1
1 þ GcðzÞGpðzÞ �

GxðzÞ
GxðzÞ þ GyðzÞ

where

GxðzÞ ¼
Yn�1

m¼0

1 � e jð2pm=nÞ � z�N=n � QmðzÞ

 �

GyðzÞ ¼
Xn�1

p¼0

kpe jp�2pn z�
N
n

Yn�1

m¼0
m6¼p

1 � e j2pm
n z�

N
n QmðzÞ


 �
2
6664

3
7775 (3.31)
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Since H(z) and Gr(z) are asymptotically stable, it is clear that if Qm(z) ¼ 1,
m ¼ 1;2; . . . ;n � 1, then:

TðejwÞ�� �� ¼ 0; 8z ¼ ejw such that zN ¼ 1 (3.32)

Therefore, the error e(k) in Figure. 3.6 converges asymptotically to zero.

Remark 3.5 Theorem 3.2 indicates that all periodic errors, whose frequencies are
integer multiples of the fundamental frequency, can be completely eliminated by the
PSRC with Qm(z) ¼ 1, m ¼ 0, 1, 2, . . . , n � 1.

In practice, to simplify the design of the PSRC, a linear phase-lead compensator
Gf ðzÞ ¼ zc is usually employed in the PSRC of (3.12) instead of the inverse
transfer function of H(z) [36–38], and an FIR low-pass filter Qm(z) ¼ a1z þ
a0 þ a1z� 1 with 2a1 þ a0 ¼ 1, a0 � 0 and a1 � 0 is also employed.

3.2 Selective harmonic control (SHC)

To facilitate the implementation of the PSRC in (3.4), a real delay-based internal
model of selective (nk � m)-order harmonics is developed to replace the previous
complex one in this section. As a result, the selective harmonic control (SHC)
scheme is established.

3.2.1 Real internal model of selective harmonics
It should be pointed out that it is not easy to implement the complex internal model.
In practical applications, as shown in Figure 3.7, a real internal model of selected
(nk � m)-order harmonics can be obtained by combining two conjugate complex
internal models as follows [42,43]:

ĜsmðsÞ ¼ 1
2

ĜmðsÞ þ Ĝ�mðsÞ
� 	 ¼ 1

2
e
�sT0

n þj2pm
n

1 � e
�sT0

n þj2pm
n

þ e
�sT0

n �j2pm
n

1 � e
�sT0

n �j2pm
n

 !

¼ cosð2pm=nÞesT0
n � 1

e
2sT0

n � 2 cosð2pm=nÞesT0
n þ 1

(3.33)

cos(2πm/n)

2 cos(2πm/n)

–– ++
usm(s)e(s) +

+
e–sT0/n

e–sT0/n

e–sT0/n

Figure 3.7 Real internal model for selected harmonics ĜsmðsÞ
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Remark 3.6 The real internal model ĜsmðsÞ of (3.33) provides a universal formula
for the internal model for various selective harmonics.

For example, let n ¼ 6 and m ¼ 1, an internal model of (6k � 1)-order har-
monics with cosð2p=6Þ ¼ 0:5 (as shown in Figure 3.8(a)) will be obtained as [7]:

Ĝ6k�1ðsÞ ¼ usmðsÞ
eðsÞ ¼ 0:5es

T0
6 � 1

es
T0
3 � es

T0
6 þ 1

(3.34)

whose Bode plots are presented in Figure 3.9. It can be seen in Figure 3.9 that the
internal model for (6k � 1)-order harmonics Ĝ6k�1 sð Þ has infinite gains at the
harmonics of 6k � 1 times of the fundamental frequency, meaning that it can
selectively cancel out the (6k � 1)-order harmonics when plugged into a stable
closed-loop system.

Let n ¼ 4 and m ¼ 1, an internal model for (4k � 1)-order harmonics (i.e., odd
harmonics [44,45]) with cosð2p=4Þ ¼ 0 (as shown in Figure 3.8(b)) can be
obtained as [44,45]:

Ĝ4k�1ðsÞ ¼ usmðsÞ
eðsÞ ¼ �1

es
T0
2 þ 1

¼ �e�s
T0
2

1 þ e�s
T0
2

(3.35)

Moreover, let n ¼ 1 and m ¼ 0, an internal model for the CRC will be
obtained as:

ĜrcðsÞ ¼ usmðsÞ
eðsÞ ¼ 1

esT0 � 1
¼ e�sT0

1 � e�sT0
(3.36)

(a)

(b)

0

0

+
+

usm(s)

usm(s)

usm(s)
e–sT0/4e–sT0/4

e–sT0/6

e–sT0/6e–sT0/6

e–sT0/4e–sT0/4

e–sT0/4

e(s)

e(s)

0.5

e(s) –
–

+ + ––

+
+

++– –

Figure 3.8 Internal models for selective harmonics: (a) Ĝ6k�1ðsÞ of (3.34) to
compensate h-order (h ¼ 6k � 1) harmonics and (b) Ĝ4k�1ðsÞ of (3.35)
to compensate h-order (h ¼ 4k � 1) harmonics, where h > 0 and
k ¼ 0, 1, 2, . . .
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3.2.2 Selective harmonic control
As shown in Figure 3.10, based on the real internal model of (3.33), an SHC, i.e.,
(nk � m)-order harmonic controller, Gsm(s) can be derived as [43]:

GsmðsÞ ¼ kmGf ðsÞ
2

e
�sT0

n þj2pm
n QðsÞ

1 � e
�sT0

n þj2pm
n QðsÞ

þ e
�sT0

n �j2pm
n QðsÞ

1 � e
�sT0

n �j2pm
n QðsÞ

 !

¼ kmGf ðsÞ cosð2pm=nÞesT0
n QðsÞ � Q2ðsÞ

e
2sT0

n � 2 cosð2pm=nÞesT0
n QðsÞ þ Q2ðsÞ

(3.37)

where Gf (s) is a phase-lead compensator to stabilize the overall system, and the
filter Q(s) is employed to further select the interested frequencies and make a good
trade-off between the tracking accuracy and the system robustness as discussed in
the previous chapters.
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Figure 3.9 Bode plots of the internal model for (6k � 1)-order harmonics
Ĝ6k�1 sð Þ; where T0 ¼ 0.02 s

e(s) km e–sT0/n
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Figure 3.10 Selective harmonic controller GsmðsÞ in practical applications
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Remark 3.7 From (3.2) and (3.33), when n > 2 and km ¼ krc, it is known that the
equivalent control gains at (�nk � m)-order harmonic frequencies of the SHC in
(3.37) are n/2 times as large as those of the CRC in (2.3). Hence, the error con-
vergence rate of the SHC of (3.37) at (�nk � m)-order harmonic frequencies can
be n/2 times faster than that of the CRC in (2.3).

The SHC of (3.37) provides a universal delay-based IMP-based controller, which is
tailored for (nk � m)-order harmonics compensation. For example, let n ¼ 1 and
m ¼ 0, (3.37) becomes a CRC, let n ¼ 4 and m ¼ 1, (3.37) becomes an odd har-
monic RC [44,45], and let n ¼ 6 and m ¼ 1, (3.37) becomes a 6k � 1 RC [42,46]. It
is thus also named ‘‘nk � m order RC’’ [42].

As shown in Figure 3.11, the corresponding digital SHC can be written as:

GsmðzÞ ¼ kmGf ðzÞ �
cosð2pm=nÞQðzÞzN=n � Q2ðzÞ� 	

z2N=n � 2 cosð2pm=nÞQðzÞzN=n þ Q2ðzÞ (3.38)

where N ¼ T0=Ts 2 N with Ts being the sampling period.

Remark 3.8 As shown in Figure 3.11, the maximum time delay in the forward
channels is 2N/n multiples of the sampling period, and thus the total number of
memory cells is (3N/n) < N (if n > 3). To compensate (nk � m)-order harmonics,
the SHC occupies less memory than what the CRC does.

3.2.3 Digital SHC system and design
Figure 3.12 shows a typical plug-in digital SHC system, where Gp(z) is the transfer
function of the plant, Gc(z) is the conventional feedback controller, Gsm(z) is a
complete SHC scheme, r(z) is the reference input, y(z) is the output, e(z) ¼ r(z) �
y(z) is the tracking error and the input of Gsm(z), and d(z) is the disturbance.

cos(2πm/n)

2cos(2πm/n)

Q(z) Gf (z)

Q(z)

Q(z)

z –N/n

z–N/nz –N/ne(z) km usm(s)– –+ +
+

+

Figure 3.11 Digital selective harmonic controller GsmðzÞ for compensating the
(nk � m)-order harmonics

y(z)

d(z)

Gp(z)Gc(z)

Add-on
Gsm(z)

++++
–

+r(z)
e(z)

Figure 3.12 Add-on (plug-in) digital selective harmonic control system
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The output y(z) of the plug-in digital SHC system can be expressed as:

yðzÞ ¼ GrðzÞ � rðzÞ þ GdðzÞ � dðzÞ

¼ 1 þ GsmðzÞ½ �HðzÞ
1 þ GsmðzÞHðzÞ rðzÞ þ 1 þ GcðzÞGpðzÞ

� ��1

1 þ GsmðzÞHðzÞ dðzÞ (3.39)

where Gr(z) is the transfer function from r(z) to y(z), Gd (z) is the transfer function
from d(z) to y(z), and H(z) is the transfer function of the conventional feedback
control system without the plug-in SHC Gsm(z) of (3.38). H(z) is assumed to be
asymptotically stable, and it is given as:

HðzÞ ¼ GcðzÞGpðzÞ
1 þ GcðzÞGpðzÞ (3.40)

Without loss of generality, H(z) can be described by:

HðzÞ ¼ BðzÞ
AðzÞ ¼

z�cBþðzÞB�ðzÞ
AðzÞ (3.41)

where c represents known delay steps with c 2 0;N=n½ �, all characteristic roots of
AðzÞ ¼ 0 are inside the unit circle, BþðzÞ and B�ðzÞ are the cancelable and
un-cancelable parts of BðzÞ; respectively [42]. B�ðzÞ comprises roots on or outside
the unit circle and undesirable roots, which are in the unit circle and BþðzÞ com-
prises of roots of BðzÞ; which are not in B�ðzÞ.

The compensation filter Gf ðzÞ can be chosen as [9]:

Gf ðzÞ ¼ zcAðzÞB�ðz�1Þ
BþðzÞb (3.42)

where b � max B�ðe jwÞj j2. Since the periodic signal generator in an SHC will
introduce N/n-step delay z�N/n (usually n 
 N) and N=n � d, Gf ðzÞ with noncausal
component zc can be implemented in the SHC scheme [42].

In practice, due to model uncertainties and load variations, it is impossible to
obtain the exact transfer function H(z). That is, the practical transfer function of
Gf ðzÞHðzÞ can be written as:

GfHðzÞ ¼ Gf ðzÞHðzÞ ¼ B�ðz�1ÞB�ðzÞ
b

1 þ DðzÞð Þ ¼ GfH ðejwÞ�� ��ffqfH ðwÞ

¼ GfHðejwÞ�� ��e jqfH ðwÞ (3.43)

where D(z) denotes the uncertainties assumed to be bounded by |D(e jw)|� e with e
being a positive constant, and D(z) is stable. From (3.43), it is clear that the
uncertainties D(z) can cause qfH(w) 6¼ 0, which means that zero-phase error com-
pensation may not be obtained due to the uncertainties.
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Theorem 3.3 Considering the closed-loop SHC system shown in Figure 3.12 with
the constraints (3.39) to (3.43), if

2pp� p
2
< qfHðwÞ < 2ppþ p

2
; p ¼ 0; 1; 2; . . .;

then

0 < km <
2 cos qfH ðwÞ

� 	
1 þ e

which will enable the closed-loop SHC system to be asymptotically stable; if

2ppþ p
2
< qfHðwÞ < 2ppþ 3p

2
; p ¼ 0; 1; 2; . . .;

then

2 cos qfH ðwÞ
� 	
1 þ e

< km < 0

which will enable the closed-loop SHC system to be asymptotically stable [43].

Proof: From (3.40), since H(z) is assumed to be asymptotically stable, the poles
of 1 þ GcðzÞGpðzÞ
� 	�1

are then located inside the unit circle. Therefore, from
(3.39), if all the poles of 1 þ GsmðzÞHðzÞð Þ�1 are also located inside the unit circle,
the overall closed-loop SHC system shown in Figure 3.12 will be asymptotically
stable.

The denominator of 1 þ GsmðzÞHðzÞð Þ�1 is:

z2N=n þ kmGfHðzÞ � 2
� 	

QðzÞcosð2pm=nÞzN=n þ 1 � kmGfH ðzÞ
� 	

Q2ðzÞ
which can be factorized as:

zN=n � aebj

 �

zN=n � ae�bj

 �

(3.44)

where

a ¼ � 1 � kmGfHðzÞ
� 	1=2

QðzÞ

cos b ¼ � kmGfH ðzÞ � 2

2 1 � kmGfH ðzÞ
� 	1=2

cosð2pm=nÞ

Therefore, the poles of 1 þ GrcðzÞHðzÞð Þ�1 are located inside the unit circle if
aj j < 1, i.e.:

QðzÞj j 1 � kmGfH ðzÞ
� 	1=2
��� ��� < 1

76 Periodic control of power electronic converters



And then

Qðe jwÞ�� ��4 1 � km GfH ðe jwÞ�� ��e jqfH ðwÞ�� ��2 < 1 (3.45)

Since |Q(e jw)| � 1, thus from (3.45), if

1 � 2km GfH ðe jwÞ�� ��cos qfH ðwÞ
� 	þ k2

m GfH ðe jwÞ�� ��2 < 1

holds, the poles of 1 þ GsmðzÞHðzÞð Þ�1 are located inside the unit circle.
Since

b � max B�ðe jwÞ�� ��2
 �
¼ max B�ðe�jwÞB�ðe jwÞ� 	

> 0

from (3.43), we have:

GfH ðe jwÞ�� �� ¼ B�ðe jwÞB�ðe�jwÞ
b

1 þ Dðe jwÞ� 	����
���� � 1 þ e (3.46)

Therefore, from (3.45) and (3.46), it can be obtained that, if

2pp� p
2
< qfHðwÞ < 2ppþ p

2
; p ¼ 0; 1; 2; . . .;

then

0 < km <
2 cos qfH ðwÞ

� 	
1 þ e

which will enable the closed-loop SHC system shown in Figure 3.12 to be
asymptotically stable; if

2ppþ p
2
< qfHðwÞ < 2ppþ 3p

2
; p ¼ 0; 1; 2; . . .;

then

2 cos qfH ðwÞ
� 	
1 þ e

< km < 0 (3.47)

which will enable the closed-loop SHC system to be asymptotically stable.

Remark 3.9 Theorem 3.3 provides a stability criterion for the closed-loop SHC
system. It can be seen that, if qfH ðwÞ ¼ 0 (i.e., zero-phase error compensation is
achieved), the CRC systems [31–33], the odd-harmonic RC systems [44,45], and
the (nk � m)-order RC systems [42,43] have an identical stability range for the RC
gain (i.e., the stability criteria for these RC systems are compatible to Theorem 3.1).
Theorem 3.1 implies that uncertainties will reduce the stability range for the RC gain
km. Since the SHC scheme provides a universal framework for housing these RC
schemes, Theorem 3.1 offers a universal stability criterion for these RC systems.
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Remark 3.10 Theorem 3.3 indicates that the control gain krc for the CRC systems
and the control gain km for the SHC systems have an identical stability range.
Therefore, from Remark 3.6, it can be concluded that the SHC can offer n/2 times
faster error converge rate than what the CRC can do.

For example, with the identical gain, the odd harmonic RC offers up to two times
faster error convergence rate in eliminating the odd harmonics than what the CRC
does [45]. However, since one SHC only can compensate one group of harmonics
(e.g., (4k � 1)-order harmonics in single-phase systems), the control accuracy of
the SHC would be usually lower than what can be achieved by the CRC scheme.

Theorem 3.4 If the closed-loop SHC system with Q(z) ¼ 1 in Figure 3.12 is
asymptotically stable, then the error e(z) in Figure 3.12 converges asymptotically
to zero at the frequencies of �(nk � m)w0, where |nk � m| � N/2, k 2 N.

Proof: Almost it is the same as that of Theorem 3.2.

Remark 3.11 Theorem 3.2 indicates that the harmonic components of the error at
the frequencies of �(nk � m)w0 with k 2 N can be completely eliminated by the
(nk � m)-order RC controller with Q(z) ¼ 1, even under model uncertainties.

Remark 3.12 The proof of Theorem 3.3 indicates that the introduction of the low-
pass filter Q(z) with |Q(e jw)| � 1 will make it easier to ensure all poles |pi| < 1 with
i ¼ 0, 1, . . . , 2N/n � 1 of 1 þ GsmðzÞHðzÞð Þ�1, and then enhance the robustness of
the SHC system. On the other hand, the introduction of Q(z) with |Q(e jw)|� 1, will
cause a significant variation of the poles of the SHC in (3.37), and yield an
imperfect cancelation of periodic errors at the harmonic frequencies when |Q
(e jw)| < 1. The tracking accuracy will be reduced somewhat. Therefore, the intro-
duction of the filter Q(z) brings a trade-off between tracking accuracy and system
robustness in the SHC system.

In practice, to simplify the design of the SHC scheme, a linear phase-lead com-
pensator Gf ðzÞ ¼ zc is usually employed in the SHC of (3.38) instead of the inverse
transfer function of H(z) [45], and an FIR low-pass filter Q(z) ¼ a1z þ a0 þ a1z�1

with 2a1 þ a0 ¼ 1, a0 � 0 and a1 � 0 is also adopted. The entire digital SHC
system is shown in Figure 3.13, where the phase-lead compensator is incorporated
in the inner control loops, and it is suitable for practical implementations.

km z–N/n+c

z–N/n+c Q(z)

z–N/nQ(z)

cos(2πm/n)

2 cos(2πm/n)

z–c

Q(z) usm(z)
–++–e(z) +

+

Figure 3.13 Practical Implementation of the SHC scheme with a linear phase-
lead compensator
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3.3 Optimal harmonic control (OHC)

Replacing the complex internal models of selective harmonics with real ones in
(3.33), the PSRC in (3.4) will be transformed into an optimal harmonic control
(OHC), which can mitigate power harmonics with high control accuracy, while
maintaining fast transient response, guaranteeing robustness, and being feasible for
implementation.

3.3.1 Optimal harmonic control
From Theorem 3.4, it is clear that, including the real internal model of (3.33) into a
stable closed-loop system will enable the control system to track/reject (nk � m)-
order harmonics. As shown in Figure 3.14, in order to compensate more harmonics
for better accuracy while keeping a fast error convergence rate, an optimal harmonic
control (OHC) scheme which includes paralleled SHC components of (3.37)
tailored for the selected harmonics, is developed as:

GOHCðsÞ ¼
X

m2Nm

GsmðsÞ (3.48)

where m and Nm represent the (nk � m) (k ¼ 0, 1, 2, . . . , and m� n/2) harmonic
order and the set of the selected harmonics, respectively.

Including the paralleled digital SHC modules of (3.38), the corresponding
digital OHC can be straightforwardly written as:

GOHCðzÞ ¼
X

m2Nm

GsmðzÞ

¼
X

m2Nm

kmGf ðzÞ �
cosð2pm=nÞzN=nQðzÞ � Q2ðzÞ� �

z2N=n � 2 cosð2pm=nÞzN=nQðzÞ þ Q2ðzÞ (3.49)

Note that the dual-mode repetitive control (DMRC) [47,48] is a special case
of the OHC with n ¼ 4 and m ¼ 0, 1, 2, where GsmðzÞ with m ¼ 0, 2 are corre-
sponding to the even harmonic RC and GsmðzÞ with m ¼ 1 corresponds to the odd
harmonic RC.

uOHC(z)

Gs0(z)

Gsm(z)e(z)

GsNm(z)

Σ

Figure 3.14 Digital optimal harmonic control GOHC(s) where m 2 Nm
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Remark 3.13 Compared with the complex PSRC of (3.12), the real OHC of (3.49)
can at least reduce the number of paralleled SHC modules by half, and thus sim-
plify its implementation.

3.3.2 Digital OHC system and design
Figure 3.15 shows a typical closed-loop control system with a plug-in OHC GOHC

(z) of (3.49) where Gp(z) is the transfer function of the plant, Gc(z) is the feedback
controller, r(z) is the reference input, y(z) is the output, e(z) ¼ r(z) � y(z) is the
tracking error and the input of GOHC(z), and d(z) is the disturbance.

Theorem 3.5 With the same assumptions of (3.39)–(3.43), the OHC system with
QðejwÞj j � 1 in Figure 3.15 is asymptotically stable if the following two conditions

hold [13,14]:

● H(z) is asymptotically stable;
● The control gains km � 0 satisfy the following inequality:

0 <
X

m2Nm

km < 2 (3.50)

Remark 3.14 Obviously, the above stability criteria for the OHC systems can be
derived from the PSRC systems [9,10], and is compatible to the SHC systems
[42,43]. Quite similar to Remark 3.4, the error convergence rate of the OHC sys-
tems can be optimized by independently tuning the control gains km according to
the harmonics distribution. The OHC systems can thus achieve up to n/2 times of
the error convergence rate as fast as what the CRC systems can do.

For example, as a representative of the OHC, the DMRC [47,48] employs a parallel
combination of the even-order harmonic RC and the odd-order harmonic RC. The
control gains for the even-order RC and the odd-order harmonic RC in the DMRC
can be tuned independently. Compared with the CRC, the DMRC with a larger
control gain for the odd-order harmonic RC to compensate major odd harmonics
can achieve a much faster error convergence rate (up to two times of that achieved
by the CRC) without reducing the control accuracy and system robustness [47,48].

Gc(z) Gp(z)

d(z)

y(z)r(z)

GOHC(z)
Add-on

e(z)+ + + + +
–

Figure 3.15 Add-on (plug-in) digital OHC system
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Moreover, the digital DMRC occupies the same data memory as what the digital
CRC does.

In practice, to simplify the design of the OHC, a linear phase-lead compensator
Gf ðzÞ ¼ zc with c being the phase-lead steps is usually employed in the OHC as
shown in (3.49), instead of the inverse transfer function of H(z) [46], and an FIR
low-pass filter Q(z) ¼ a1z þ a0 þ a1z�1 with 2a1 þ a0 ¼ 1, a0 � 0, and a1 � 0 is
also used.

Generally speaking, the OHC offers power converters a general optimal IMP-
based control solution to the mitigation of the harmonic distortions mainly con-
centrated at one or multiple harmonics, in particular (nk � m) (k ¼ 1, 2, . . . , and
m ¼ 0, 1, . . . , n � 1) order harmonic frequencies – high accuracy, fast transient
response, cost-effective and easy real-time implementation, and compatible design
rules-of-thumb.

3.4 Summary

To efficiently mitigate major (nk � m) (k ¼ 1, 2, . . . , and m¼ 0, 1, . . . , n� 1)-order
power harmonics caused by n-pulse power converters, tailor-made delay-based
complex and real internal models of interested harmonics are developed. By
employing these internal models, advanced periodic controllers are consequently
developed, which include the PSRC, the SHC, and the OHC. Among these three
advanced periodic controllers, the OHC is actually a combination of the PSRC and
the SHC: the parallel structure enables it to take advantages of the PSRC – a fast
dynamic response due to the paralleled SHC modules with optimally weighted
coefficients; the SHC modules enable it to take cost-effective and easy real-time
implementation due to the limited number of delay-based compact real SHC
modules. Moreover, including more SHC modules into it, the OHC can further
improve control accuracy by removing more harmonics.

The advanced periodic control systems, which employ plug-in structure (i.e.,
feedback control plus advanced periodic control), are investigated in this chapter.
Stability criteria and design method for these advanced periodic control systems have
been developed, and are found to be compatible to those of fundamental periodic
control systems.

The outstanding features of these three advanced periodic controllers in this
chapter for optimal power harmonics mitigation are listed as follows:

1. Parallel structure repetitive control (PSRC) –
● Fast dynamic response. Control gains km for each group of the selected

(�nk þ m)-order harmonics can be weighted by the share of harmonics
distribution, and be tuned to optimize its dynamic response (up to n times
as fast as what the CRC does).

● High control accuracy. It can flexibly choose harmonics for compensation.
The more the selected harmonics in the PSRC are considered, the higher
control accuracy the PSRC can achieve.
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● Easy for design and tuning. Stability criteria and system design rules-
of-thumb for the PSRC systems are compatible to those for the CRC
systems.

● Limited parallel computational burden. Compared with the multiple
resonant control, a very limited number of paralleled SHC modules in the
PSRC lead to less parallel computation.

● Easy for implementation of the PSRC with a limited number of compact
delay-based complex SHC modules.

2. Selective harmonic control (SHC) –
● Fast dynamic response. Equivalent control gains at selected harmonics of

the SHC are up to n/2 times of those for the CRC systems.
● Good control accuracy. The SHC is used to only compensate dominant

harmonics.
● Easy for design and tuning. Stability criteria and system design rules-

of-thumb for the SHC systems are compatible to those for the CRC
systems.

● Light computation. Compared with the CRC, the compact delay-based
SHC consumes less memory elements and consumes similar computation
resource.

● Easy for implementation of the real recursive SHC.

3. Optimal harmonic control (OHC) –
● Fast dynamic response. Control gains km for each group of the selected

(�nk � m)-order harmonics can be weighted by the share of harmonics
distribution, and be tuned to optimize its dynamic response (up to n/2
times as fast as what the CRC does).

● High control accuracy. It can flexibly select harmonics for compensation.
The more the harmonics in the PSRC are selected, the higher control
accuracy the OHC can achieve.

● Easy for design and tuning. Stability criteria and system design rules-
of-thumb for the OHC systems are compatible to those for the CRC
systems.

● Very limited parallel computational burden. Compared with the PSRC,
the number of the paralleled SHC modules in the OHC is reduced
by half.

● Easy for implementation of the OHC with a very limited number of the
compact delay-based real SHC modules.

Generally speaking, in view of dominant (nk � m)-order harmonics in the
power harmonics, the OHC offers power converters a general optimal IMP-based
control solution to the power harmonics mitigation with high accuracy, fast
dynamic response, cost-effective and easy real-time implementation, and compa-
tible design rules-of-thumb.
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Chapter 4

Periodic control of power converters

Abstract

This chapter will present six application examples of the periodic control of power
converters, which includes the voltage control for constant-voltage-constant-
frequency (CVCF) pulse-width modulation (PWM) inverters, CVCF high-
frequency link (HFL) single-phase and three-phase inverters, current control for
grid-connected single-phase and three-phase PWM inverters, and HFL rectifier.
Experiments have been carried out to verify the effectiveness of various fundamental
and advanced periodic control schemes for power converters.

4.1 Periodic control (PC) of CVCF single-phase
PWM inverters

4.1.1 Background
Periodic errors induced by nonlinear loads (e.g., rectifier loads) are major sources
of the total harmonic distortion (THD) for the CVCF PWM inverters that are
widely used in various AC power supplies such as the uninterruptable power sup-
ply. The internal model principle (IMP)-based PC schemes, such as the repetitive
control (RC) and the resonant control (RSC) [1–20], are found to be able to achieve
zero-tracking errors, and thus being suitable control solutions to the tracking/
eliminating periodic signals/disturbances with a known period. In order to achieve
good control performance, the PC schemes are usually added on to a feedback
control system in practical applications, such as the plug-in RC schemes [5,6], and
the PI-RES (i.e., proportional–integral–resonant) control scheme [19,20]. In those
cases, the plug-in PC and the feedback controller are ‘‘complementary’’ – the
feedback controller offers fast dynamic response and robustness, and the PC
scheme ensures accurate compensation of residual periodic tracking errors. In this
section, various PC schemes are developed for power converters to demonstrate
their effectiveness. Experiment results are provided to verify the performance of
the classic RC (CRC), the odd-order RC, the dual-mode repetitive control (DMRC),
and the multiple resonant control (MRSC) schemes.



4.1.2 Modeling and control of single-phase PWM inverters
Figure 4.1 shows a CVCF single-phase PWM inverter with a resistive load or a
nonlinear diode rectifier load, where vc is the output voltage, io is the output cur-
rent, vdc is the DC bus voltage with its nominal value being vdcn, Lf, Lr, Cf, Cr, and
R, Rr are the nominal values for the inductor, capacitor, and resistor of the resistive
and rectifier loads, correspondingly, and vinv is the output voltage of the PWM
inverter. The control objective of such a CVCF PWM inverter is to produce high-
quality sinusoidal voltages under various loads.

The dynamics of the PWM inverter with a linear resistive load can be descri-
bed as [18]:

_X ¼AX þ BU
Y ¼ CX þ DU

�

with

X ¼ vcðtÞ
_vcðtÞ
� �

; Y ¼ vcðtÞ; U ¼ vinvðtÞ:

A ¼
0 1

� 1
Lf Cf

� 1
Cf R

2
4

3
5; B ¼

0
1

Lf Cf

2
4

3
5; C ¼ 1 0½ �; D ¼ 0 (4.1)

For a linear system _X ¼ AX þ BU; its sampled-data equation can be expressed
as Xðk þ 1Þ ¼ eATs XðkÞ þ Ð eAðTs�tÞUðtÞBdt with Ts being the sampling period.
Therefore, the sampled-data form of (4.1) can be approximated as [21]:

vcðk þ 1Þ
_vcðk þ 1Þ
� �

¼ j11 j12

j21 j22

� �
vcðkÞ
_vcðkÞ
� �

þ g1

g2

� �
vinvðkÞ
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Figure 4.1 Schematic and control structure of a single-phase CVCF PWM
inverter with a repetitive controller based periodic control system
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where

j11 ¼ 1 � T2
s = 2Lf Cf

� �
;

j22 ¼ 1 � Ts= Cf R
� �� T2

s = 2Lf Cf

� �þ T2
s = 2C2

f R2
� �

;

j12 ¼ Ts � T2
s = 2Cf R
� �

;

j21 ¼ �Ts= Lf Cf

� �þ T2
s = 2Lf C2

f R
� �

;

g1 ¼ T2
s = 2Lf Cf

� �
;

g2 ¼ Ts= Lf Cf

� �� T2
s = 2Lf C2

f R
� �

: (4.2)

A plug-in RC scheme, which comprises a generic state feedback controller
(SFC) and a PC, is developed to accurately regulate the output AC voltage to track
the reference sinusoidal signal with a low THD and fast dynamic responses.

The generic SFC can be written as [14]:

uðkÞ ¼ � k1
vcðkÞ
vdc

þ k2
_vcðkÞ
vdc

	 

þ kref

v�cðkÞ
vdc

(4.3)

where uðkÞ ¼ vinvðkÞ=vdcð Þ 2 �1; 1½ � is the control output, v�cðkÞ is the reference
output voltage, and k1, k2, and kref are the feedback control coefficients.

With such an SFC, the state equation of the closed-loop system can be
expressed as:

vcðk þ 1Þ
_vcðk þ 1Þ

� �
¼ j11 � g1k1 j12 � g1k2

j21 � g2k1 j22 � g2k2

� �
vcðkÞ
_vcðkÞ

� �
þ g1kref

g2kref

� �
v�cðkÞ (4.4)

The poles of the closed-loop system in (4.4) can be arbitrarily assigned by
adjusting the feedback control gain k1 and k2. The transfer function from v�c to vc for
the closed-loop system with nominal parameter values can then be written as
[5,21,22]:

HðzÞ ¼ m1z þ m2

z2 þ p1z þ p2

where

m1 ¼ g1kref ;

m2 ¼ ðj12 � g1k2Þg2kref � ðj22 � g2k2Þg1kref ;

p1 ¼ �j11 þ g1k1 � j22 þ g2k2;

p2 ¼ ðj11 � g1k1Þðj22 � g2k2Þ � ðj12 � g1k2Þðj21 � g2k1Þ: (4.5)

To deal with the periodic reference and disturbances, a PC scheme Gpc(z) is
plugged into the SFC-controlled inverter system as shown in Figure 4.2. In the
digital control system of Figure 4.2, r(z) is the input reference, y(z) is the output,
e(z) is the tracking error, Gp(z) represents the plant model, Gc(z) is the digital form
of the SFC scheme, and d(z) is the disturbance.
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4.1.2.1 Plug-in RC scheme
Since odd-order (i.e., 4k � 1 order with k ¼ 1, 2, 3, . . . ) harmonics usually are
dominant in the output voltage of the CVCF single-phase PWM inverters, a digital
optimal harmonic control (OHC) is then introduced into the control scheme
in Figure 4.2 to act as the PC scheme. The OHC GOHC(z) can be given as [23–27]:

GOHCðzÞ ¼
X

m2Nm

GsmðzÞ

¼
X

m2Nm

krmGf ðzÞ �
cosð2pm=nÞzN=nQðzÞ � Q2ðzÞ� �

z2N=n � 2 cosð2pm=nÞzN=nQðzÞ þ Q2ðzÞ (4.6)

where krm 2 kr0; kr1; kr2½ � are the control gains for the corresponding selective
harmonic control (SHC) modules Gsm(z) with m ¼ 0, 1, 2, Gf (z) is a phase-lead
compensator, Q(z) is a low-pass filter, N ¼ fs/f0 with fs being the sampling fre-
quency and f0 being the fundamental frequency of the reference, and Nm is the
harmonic set. The SHC modules are exclusively used to compensate the 4k-order
harmonics, ð4k � 1Þ-order harmonics, and ð4k � 2Þ-order harmonics, and their
corresponding control gains kr0, kr1, and kr2 to avoid any confusion with the
previous definitions will be proportional to the ratios of the corresponding har-
monics to the total harmonics.

As discussed in Chapter 3, the OHC provides a universal framework for
housing various RC schemes such as the CRC and the SHC. For example,

● when kr0 ¼ kr2 ¼ krc/4 and kr1 ¼ krc/2, GOHC(z) in (4.6) will become the CRC as:

GrcðzÞ ¼ krcGf ðzÞ QðzÞz�N

1 � QðzÞz�N
(4.7)

● when kr0 ¼ kr2 ¼ 0 and kr1 ¼ ko, GOHC(z) in (4.6) becomes the odd-order har-
monic RC [10–13] as:

GorcðzÞ ¼ �koGf ðzÞ QðzÞz�N=2

1 þ QðzÞz�N=2
(4.8)

Plug-in
Gpc(z)

Gc(z) Gp(z)r(z)
e(z)

d(z)

y(z)

uc ucic *

+ + + + +

–

Figure 4.2 Plug-in periodic control system for the single-phase CVCF inverter
system
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● and when kr0 ¼ kr2 ¼ ke/2 and kr1 ¼ ko, GOHC(z) in (4.6) becomes the DMRC
[13,14] as

GdrcðzÞ ¼ GercðzÞ þ GorcðzÞ

¼ keGf ðzÞ z�N=2QðzÞ
1 � z�N=2QðzÞ � koGf ðzÞ �z�N=2QðzÞ

1 þ z�N=2QðzÞ (4.9)

where the even-order harmonic RC Gerc(z) is equivalent to the combination of Gs0

(z) and Gs2(z). The DMRC is actually an OHC with simplified implementation.
According to the stability criteria (2.23), for the RC systems with a linear

phase-lead compensator Gf ðzÞ ¼ zp [17,18], the stability region for the RC gains
for the above RC schemes can be derived as follows:

● For the CRC system if �p
2 < qH þ pw < p

2 ; then

0 < krc <
2 cosðqH þ pwÞ

HðejwÞj j ; (4.10)

● For the odd-order harmonic RC system, if �p
2 < qH þ pw < p

2 ; then

0 < ko <
2 cosðqH þ pwÞ

HðejwÞj j ; (4.11)

● For the DMRC system, if �p
2 < qH þ pw < p

2 ; then

0 < ko þ ke <
2 cosðqH þ pwÞ

HðejwÞj j : (4.12)

All these three RC schemes are developed according to Figure 4.2. The resultant
plug-in PC schemes are then applied to the inverter system shown in Figure 4.1 for
experimental validation.

4.1.2.2 Plug-in RSC scheme
To deal with the major harmonic distortion in the low-frequency band, the MRSC
at dominant harmonic frequencies can also be added into the SFC system [16,17]
as the PC shown in Figure 4.2. The MRSC can be given as:

GMðsÞ ¼
X
h2Nh

GhðsÞ ¼
X
h2Nh

kh
s cos qh � wh sin qh

s2 þ w2
h

	 

(4.13)

where Gh(s) is an RSC for the harmonics at the frequency of wh with a phase com-
pensation of qh and kh being its control gain, and Nh is the set of interested harmonic
orders. Obviously, the control gain kh for each RSC in the MRSC of GM(s) can be
designed independently with its corresponding phase compensation qh. Independent
gain and phase compensation for each RSC enable the MRSC to achieve zero-phase
compensation at each dominant harmonic frequency (i.e., resonant frequency) with an
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optimal error convergence rate. Notably, more RSC components can be added into
the MRSC to enhance its tracking accuracy at the cost of increased complexity.
Compared with the CRC, the MRSC can achieve a higher error convergence rate.
Furthermore, since the MRSC is only comprised of RSC components at the dominant
harmonic frequencies in the low-frequency band, there is no need to include a
low-pass filter Q(s).

The MRSC scheme of (4.13) can be discretized by means of the pre-warping
Tustin transform as [16,17]:

GMðzÞ ¼
X
h2Nh

GhðzÞ

¼
X
h2Nh

kh

1
2 1� z�2ð Þcosfh sinðwhTsÞ � 1 þ 2z�1 þ z�2ð Þsin fh sin2 whTs

2

� �
wh 1 � 2z�1 cosðwhTsÞ þ z�2ð Þ

( )

(4.14)

where Ts denotes the sampling period.
Since odd-order harmonics in the low-frequency band (e.g., typically up to the

15th-order harmonic) are dominant in the total harmonic distortion in the output
voltage of the single-phase PWM inverter, only the low-order RSC components
Gh(s) with h ¼ 3, 5, 7, . . . , 15, are included in the MRSC GM(s). Figure 4.3 shows
the entire plug-in MRSC structure.

In order to achieve zero-phase compensation at the harmonic frequency wh, the
compensation phase qh for the hth-order RSC Gh(z) will be chosen as:

qh ¼ �ffHðjwhÞ (4.15)

where ffHðjwhÞ is the phase of the closed-loop system H(z) in (4.5) at the harmonic
frequency wh: The phase compensation will enable the MRSC to tune the RSC
gains kh within a wider range, and then to achieve a faster error convergence rate.
Consequently, the control system will become more robust to disturbances.

G3(z)

y(z)

d(z)

Gh(z)

G15(z)

e(z)
r(z)

GM(z)

Gp(z)Gc(z)

Plug-in

∑

uc ucic *

+ + + + +

–

Figure 4.3 Plug-in multiple resonant control system for the single-phase CVCF
inverter system
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4.1.3 Experimental validation
4.1.3.1 Plug-in RC scheme
To verify the control performance of the RC schemes for the single-phase CVCF
inverter system, a dSPACE DS1102-based test rig is built up for experiments.
System parameters are listed in Table 4.1. For the SFC of Eq. (4.3), k1 ¼ 90,
k2 ¼ 8.4� 10�3, kref ¼ 90 are arbitrarily designed. With the parameters shown in
Table 4.1, the closed-loop nominal transfer function H(z) in (4.5) can be derived as:

HðzÞ ¼ 0:5z þ 0:432
z2 � 0:487z þ 0:429

(4.16a)

Figure 4.4 shows the trajectories of poles of the system model H(z) in (4.5)
when the resistive load R changes from 0.95 W to infinity. It is clearly seen that,
when R < 1.1 W, the poles are located outside the unit circle, and the system is
unstable. On the other hand, when R > 1.1 W, the poles are located inside the unit
circle, and the system is stable. Hence, the stability range of load for the SFC
system H(z) is [1.1, ?) W.

With the SFC system of (4.16a), Figure 4.5 shows the responses of the phase-
lead compensated system (i.e., Gf (z)H(z)) with different linear phase-lead
compensation steps p ¼ 0, 1, 2, 3. The corresponding bandwidth and the RC gain
range are also listed in Table 4.2. Note that, instead of �90	, a phase band of �75	

is adopted as the boundary for ðqH þ pwÞ in (4.10)–(4.12) with a phase margin of
15	. Hereby, the theoretical analysis indicates that the lead step p ¼ 2 yields both
the widest stable frequency bandwidth and the widest range for RC gains. Since
the majority of the harmonic distortions concentrate in the low-frequency band,
Figure 4.5 and Table 4.2 demonstrate the feasibility of the RC with a phase-lead
compensation.

However, due to various and un-modeled delays, the phase-lead compensator
Gf (z) ¼ z p with an optimal lead step p ¼ 2 is usually insufficient for phase com-
pensation in practice. The real value of the optimal phase lead step p ¼ 3 for all

Table 4.1 Parameters of the single-phase CVCF inverter system

Parameters Nominal value Unit

DC-link voltage Vdc 80 V
Inductor filter Lf 20 mH
Capacitor filter Cf 45 mF
Linear resistive load R 15 W
Rectifier inductor Lr 1 mH
Rectifier capacitor Cr 500 mF
Rectifier resistor Rr 22 W
PWM switching frequency 10 kHz
Sampling frequency 10 kHz
Reference output voltage v*

c 50 sin(100pwt) V
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three RC schemes is determined by experiments. A low-pass filter QðzÞ ¼ 0:25zþ
0:5 þ 0:25z�1 is used in (4.7) to (4.9) in the experiments.

Figure 4.6 shows the steady-state responses of the SFC inverter system
with the rectifier load, where the THD of the output voltage vc is 8.0%. To evaluate
the harmonic distribution of the output voltage vc, a harmonic ratio hr(j) is
defined as:

hrðjÞ ¼
Pj

i¼1 Mi

� �
P199

i¼1 Mi

� �� 100% (4.16b)

in which Mi is the magnitude of the ith-order harmonic. Figure 4.7(a) gives the
harmonic ratio hr(j) for the current spectrum shown in Figure 4.6(b). It is indicated
in Figure 4.7(a) that over 95% of the harmonics are within the range of [0, 1800]
Hz, while it can be seen in Figure 4.7(b) that the bandwidth of the employed
QðzÞ ¼ 0:25z þ 0:5 þ 0:25z�1 is about 1820 Hz. Therefore, the LPF Q(z) allows
the RC schemes to eliminate most of the harmonics in the output voltage vc.
Furthermore, the harmonic ratio for all odd-order harmonics of the output voltage vc

shown in Figure 4.6(b) is about 87%. Obviously, the odd-order harmonics dominate
the THD of the output voltage vc.

Subsequently, the RC schemes are applied to the SFC system to reduce the THD
of the output voltage. The same diode rectifier load has been connected to the inverter.
Figure 4.8 shows the steady-state performance of the inverter system with different
plug-in RC schemes. It can be seen in Figure 4.8 that the THD of the output voltage has
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Figure 4.4 Trajectories of poles of the SFC system model with R varying from
0.95 W to infinity
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Table 4.2 Bandwidth and RC gain range for system
stability with different phase-lead step p

Phase-lead step p 0 1 2 3

Bandwidth, Hz 1500 2300 4400 1150
RC gain range [0, 0.275] [0, 0.45] [0, 1.05] [0, 0.4]

Periodic control of power converters 95



been significantly reduced from 8% to around 1%. Specifically, the CRC with the gain
krc ¼ 1.2 produces the output voltage vc with a low THD of 0.8%, while the odd-order
harmonic RC with the gain ko ¼ 1.2 gives an output voltage vc with a slightly increased
THD of 1.2%. It is because the odd-order harmonic RC is employed only to mitigate the
dominant odd-order harmonics shown in Figure 4.6(a) with a fast dynamic response
shown in Figure 4.9. Furthermore, Figure 4.8(c) shows that the DMRC with the gains
being ko ¼ 0.4 and ke ¼ 0.8 produces an output voltage vc with a THD of 0.8%, which is
similar to the case when using the CRC compensator. In contrast, when the gains are
designed according to the harmonic distribution as ko ¼ 0.8 and ke ¼ 0.4, the DMRC
compensated system can produce a high-quality voltage vc with THD¼ 0.5% even
under the diode rectifier load. The above experimental tests have verified the effec-
tiveness of the RC schemes in terms of harmonic compensation.
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Figure 4.6 Steady-state responses of the state-feedback controlled inverter system
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and load current io and (b) harmonic distribution of the voltage vc

96 Periodic control of power electronic converters



Figure 4.9 shows the transient tracking error v*
c � vc with various RC schemes

being plugged into the SFC-controlled inverter system, where the same rectifier
load has been used. It can be observed in Figure 4.9 that the odd-order harmonic RC
with the gain being ko ¼ 1.2 offers the fastest transient response, as it is also men-
tioned previously. The DMRC scheme with the gains ko ¼ 0.8 and ke ¼ 0.4 ranks the
second, followed by the CRC system with the gain krc ¼ 1.2, as shown in Figure 4.9.
Among all the RC schemes, the DMRC with the gains ko ¼ 0.4 and ke ¼ 0.8
presents the slowest convergence rate. According to (4.7)–(4.9), the CRC with
krc ¼ 1.2 is equivalent to the DMRC with ko ¼ 0.6 and ke ¼ 0.6. And, an odd-order
harmonic controller with ko ¼ 1.2 is equivalent to the DMRC, where the gains should
be ko ¼ 1.2 and ke ¼ 0. Moreover, Figure 4.9(c) and (d) imply that, for the DMRC
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scheme, the larger the odd-order harmonic gain ko is, the faster the tracking error
convergence rate is. Additionally, Table 4.3 summarizes the control performance of
all plug-in RC schemes. The above results indicate that the DMRC with ko ¼ 0.8
and ke ¼ 0.4 offers a good trade-off between the tracking accuracy and dynamic
response. As a special case of the OHC in (4.6), the DMRC can further optimize its
performance by finely tuning its control gains according to the harmonic ratio hr(j).

In addition, Figure 4.10 shows the dynamic performance of the inverter system
under load step-changes, where the DMRC scheme has been adopted with ko ¼ 0.8
and ke ¼ 0.4. It can be seen from Figure 4.10 that the DMRC-based inverter system
is robust to the sudden load changes between no load and full rectifier load. The
settling time for the transient response of the output voltage vc is about 3~5 cycles
(i.e., 60~100 ms).

4.1.3.2 Plug-in RSC scheme
To verify the control performance of the plug-in RSC scheme, a dSPACE DS1102-
based test rig is built up referring to Figure 4.1. The system parameters are listed in
Table 4.4.

THDvc
 = 0.8%

0 0

0 0

THDvc
 = 1.2%

THDvc
 = 0.8% THDvc

 = 0.5%

Time [2 ms/div](a) (b)

(c) (d)Time [2 ms/div] Time [2 ms/div]

Time [2 ms/div]

vc

io

vc

io

vc

io

vc

io

v c
 [2

4 
V

/d
iv

]
v c

 [2
4 

V
/d

iv
]

i o 
[7

.1
2 

A
/d

iv
]

i o 
[7

.1
2 

A
/d

iv
]

i o 
[7

.1
2 

A
/d

iv
]

i o 
[7

.1
2 

A
/d

iv
]

v c
 [2

4 
V

/d
iv

]
v c

 [2
4 

V
/d

iv
]

T T

T T

Figure 4.8 Steady-state performance of the single-phase inverter system with the
rectifier load using different RC schemes (vc: output voltage, io: load
current): (a) the CRC with krc¼ 1.2, (b) the odd-order harmonic RC
with ko ¼ 1.2, (c) the DMRC with ko ¼ 0.4, ke ¼ 0.8, and (d) the DMRC
with ko ¼ 0.8, ke ¼ 0.4

98 Periodic control of power electronic converters



With the nominal load R ¼ 60 W, the SFC in (4.3) is chosen as:

uðkÞ ¼ � 27:76 � vcðkÞ
vdc

þ 4:15 � 10�3 � _vcðkÞ
vdc

� �
þ 28:76 � v�cðkÞ

vdc
(4.17)

which arbitrarily assigns the poles of H(z) in (4.5) at 0.135 � 0.360j.
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Figure 4.9 Transient tracking errors v*
c � vc for the inverter system using different

RC schemes: (a) the CRC with krc ¼ 1.2, (b) the odd-order harmonic
RC with ko ¼ 1.2, (c) the DMRC with ko ¼ 0.4, ke ¼ 0.8, and
(d) the DMRC with ko ¼ 0.8, ke ¼ 0.4

Table 4.3 Summary of the performance of the inverter system with
different RC schemes

RC Type THD
(%)

Convergence
time (s)

Even harmonics
is reduced?

CRC with krc ¼ 1.2 0.8 0.20 Yes
Odd-harmonic RC with ko ¼ 1.2 1.2 0.10 No
DMRC with ko ¼ 0.4, ke ¼ 0.8 0.8 0.32 Yes
DMRC with ko ¼ 0.8, ke ¼ 0.4 0.5 0.16 Yes
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Figure 4.11 presents the pole distributions of the closed-loop system H(z) with a
resistive load R [ [0.43, ?) W. It can be seen in Figure 4.11 that, when R 
 0.5 W,
the poles of H(z) in (4.5) are inside the unit circle. Therefore, the closed-loop system
H(z) is stable if R [ [0.5, ?) W.

However, due to parameter uncertainties, unknown delays and nonlinear loads,
accurate transfer function of the SFC system is different from H(z) shown in (4.5).
The actual phase delay of the SFC system at the harmonic frequency wh can be
measured through experiments, and will be compensated to maximize the stability
region of the gain kh. Moreover, since the error convergence rate at wh is proportional
to its corresponding gain kh of Gh(z), a larger kh yields a faster convergence rate.
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Figure 4.10 Dynamic performance of the inverter system under rectifier load
step-changes using the DMRC with ko ¼ 0.8 and ke ¼ 0.4: (a) from
full rectifier load to no load and (b) from no load to full rectifier load

100 Periodic control of power electronic converters



However, if the gain kh is too large to be beyond the stability region, the system may
become unstable. Therefore an optimal choice of kh is needed to enable the MRSC-
based inverter system to achieve a satisfactory error convergence rate. Based on the
experimental results, the control gains and compensation phase angles of the MRSC
GMðzÞ are chosen as listed in Table 4.5.

First, the MRSC GMðzÞ without any phase compensation (i.e., qh ¼ 0) are
plugged into the SFC-based inverter system with the rectifier load. When the
seventh-order harmonic compensator is plugged into the SFC system, as shown in

Table 4.4 Parameters of a single-phase CVCF PWM inverter system

Parameters Nominal value Unit

DC-link voltage vdc 250 V
Inductor filter Lf 3.3 mH
Capacitor filter Cf 100 mF
Linear resistive load R 60 W
Rectifier inductor Lr 3.3 mH
Rectifier capacitor Cr 1000 mF
Rectifier resistor Rr 60 W
Switching frequency 10 kHz
Sampling frequency 10 kHz
Reference output voltage v*
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Figure 4.11 Trajectories of poles of the SFC system model with R varying from
0.43 W to infinity
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Figure 4.12, the inverter system becomes unstable. This confirms the previous
discussion, where it is mentioned that the phase compensation should be considered
in the MRSC system in order to enhance the system stability.

With the parameters shown in Table 4.5, experiments have been carried out to
verify the performance of the MRSC. Figure 4.13 shows the steady-state responses
of the inverter system when employing the SFC plus a fundamental-frequency
RSC G1(z). It can be seen in Figure 4.13 that the THD of the output voltage vc is
5.8% and the third-, fifth-, seventh-, and ninth-order harmonics are dominant
distortions in the output voltage vc. The SFC plus the fundamental-frequency RSC
regulator cannot suppress the major low-order harmonics in the output voltage vc.

Table 4.5 Parameters of the multiple resonant control GM(z)

Gain Value Phase
compensation

Value

k1 400 q1 7.5	
k3 60 q3 40	
k5 40 q5 50	
k7 20 q7 65	
k9 10 q9 150	
k11 10 q11 200	
k13 5 q13 220	
k15 5 q15 230	
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Figure 4.12 Unstable output voltage vc
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In order to further reduce the distortions in the output voltage, the MRSC in
(4.13) is then enabled and plugged into the SFC system, as shown in Figure 4.3.
Figure 4.14 shows the steady-state responses of the SFC with the plug-in MRSC
GM (z) ¼ SGh (z) controlled inverter system under the same load condition, where
the dominant odd-order harmonics up to the 15th-order have been compensated by
the MRSC GM (z) with the control parameters listed in Table 4.5. It can be seen in
Figure 4.14 that the odd-order harmonics up to the 15th-order are significantly
reduced in the harmonic spectrum of the output voltage vc, and the THD of the
output voltage vc is reduced to 1%, which is much lower than that shown in
Figure 4.13.
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To compare the MRSC scheme with the CRC solution, Figure 4.15 presents the
steady-state responses of the inverter system using the SFC plus the CRC, where
Q(z) ¼ (zþ 2þ z�1)/4, krc ¼ 0.2 and Gf (z) ¼ z4. Clearly it is shown in Figure 4.15
that the THD of the output voltage vc is 1.3%. Also compared to those distortions in
Figure 4.13., all h-th-order harmonics (h¼ 2, 3, 4, . . . 15) are significantly reduced
in the harmonic spectrum of the output voltage vc shown in Figure 4.15.

The error-tracking convergence rates are also compared among the three dif-
ferent harmonic compensation schemes – the SFC plus a fundamental-frequency
RSC, an MRSC compensator, and a CRC scheme, respectively. Figure 4.16 gives
the dynamic responses of the output voltage tracking error v*

c � vc of the inverter
system under the rectifier load. It can be seen in Figure 4.16 that, the settling-times
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are 0.3 s, 0.2 s, and 0.5 s for the SFC plus a fundamental-frequency RSC G1(s), an
MRSC, and a CRC, respectively. Obviously, the SFC plus the MRSC produces
fastest total convergence rate among the three schemes. Furthermore, as shown in
Figure 4.16, the SFC plus a fundamental-frequency RSC G1(s) yields the largest
tracking errors among the three schemes, which well matches with its THD value
shown in Figure 4.13.

At last the dynamic responses of the inverter system using the SFC plus the
MRSC are investigated. Figure 4.17 shows the dynamic responses of the inverter
system under step load changes. It is clear that the inverter system is robust to load
variations.
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4.1.4 Conclusion
The above application cases illustrate that the periodic control provides a simple
and very efficient approach for engineers to design high-performance control
systems for power converters to produce high-quality sinusoidal signals with

0.3 s

0.2 s

0.5 s

Time [50 ms/div](a)

(b)

(c)

v c
 –

 v
c [

50
 V

/d
iv

]

Time [50 ms/div]

Time [100 ms/div]

*
v c

 –
 v

c [
50

 V
/d

iv
]

*
v c

 –
 v

c [
50

 V
/d

iv
]

*

0

0

0

Figure 4.16 Transients of the voltage tracking error v*
c � vc using different

control schemes: (a) the SFC plus the fundamental frequency
RSC G1(z), (b) the SFC plus the MRSC, and (c) the SFC plus
the CRC
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minimized distortions, fast dynamic response, and good robustness. The above also
demonstrate that:

1. Phase-lead compensation, e.g., the linear phase-lead compensation for the RC
schemes and zero-phase compensation for the RSC, enables the periodic con-
trol system to reinforce system stability and robustness with a wider range of
control gains. A larger control gain at the interested harmonic frequencies will
lead to a faster convergence rate.

2. SHC methods, such as the odd-order harmonic RC, the DMRC, and the MRSC,
can be used to optimize the convergence rate of power harmonics mitigation by
individually tuning the control gains for the interested harmonic frequencies.
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Figure 4.17 Transient response of the inverter system under rectifier load step
changes using the SFC plus the MRSC: (a) from full rectifier load to
no load and (b) from no load to full rectifier load
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4.2 PC of CVCF single-phase high-frequency link (HFL)
inverters

4.2.1 Background
The growing requirements for high power density, compact size, and light weight,
without compromising efficiency, cost, and reliability, stimulate the development of
high-frequency-link (HFL) power converters [28–36]. As shown in Figure 4.18(a),
a conventional HFL converter has three power conversion stages: a DC to high-
frequency (HF) AC converter with an output galvanic HF transformer, a HF diode
rectifier, and a PWM inverter. However, several drawbacks for this configuration
have been identified:

● Three-stage conversion may reduce the overall efficiency of the converter;
● The HF diode rectifier only allows unidirectional power flow, and thus it

imposes restrictions on the applications of HFL inverters;
● Bulky DC-link capacitors may reduce the reliability, as the capacitors are one

of the major life-limiting components in power electronics converters; and
● Two independent control schemes should be applied to the DC/HFAC con-

verter and the DC/AC converter, respectively, thus increasing the control cost
and complexity.

Hence, many bidirectional HFL inverters have been introduced [31–33], in
order to address the above issues of the conventional HFL inverters. A two-stage
HFL single-phase inverter shown in Figure 4.18(b) is a representation, which
comprises a DC/HFAC converter at the primary side of the galvanic HF transfor-
mer, and a HFAC/DC converter at the secondary side of the galvanic
HF transformer. It allows bidirectional power flow between the DC side and AC side,
removes the bulky DC-link capacitors, operates in zero voltage switching (ZVS)
mode, and requires only one control scheme for the entire inverter. Furthermore,
the HFL inverter shown in Figure 4.18(b) is equivalent to a conventional PWM
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Figure 4.18 Configurations of the high-frequency link inverter systems:
(a) unidirectional power flow and (b) bidirectional power flow
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inverter [28,29] with a line frequency transformer. Therefore, it offers a high power
density, compact size, light weight, high efficiency, high reliability, and low cost
converter solution to extensive applications, such as renewable energy systems,
grid-connection applications, naval and aerospace power systems, vehicular and
transportation applications, high-power telecommunication applications, and so on.

In this section, a two-stage HFL inverter topology is introduced. Based on the
equivalent PWM inverter circuit model, a plug-in RC scheme is employed to the
two-stage HFL inverter in such a way to generate high-quality CVCF output
voltages. A plug-in repetitive-controlled HFL single-phase inverter is built up to
validate the proposed circuit model and the RC scheme. Experimental results are
provided to demonstrate the effectiveness of the RC scheme in terms of harmonic
suppression.

4.2.2 Modeling and control of single-phase HFL inverters
Figure 4.19 shows the circuit diagram of the two-stage HFL inverter, which mainly
consists of a HF galvanic transformer with the turn ratio being n, a primary-side
H-bridge converter (S1–S4), and a secondary-side AC/AC converter (S5–S8).
Owing to the leakage inductance of the HF transformer, the commutation of the
secondary-side AC/AC converter will lead to severe voltage overshoots and ringing
across the secondary-side converter, which may induce failures to the power
switches and also cause output voltage distortions. As shown in Figure 4.19, an
active voltage clamper circuit as highlighted is added to suppress voltage ringing
and overshoots [32–36].

The two-stage HFL inverter shown in Figure 4.19 seems to be more compli-
cated than a conventional PWM inverter [28,29]. The modulation method for this
HFL inverter has been discussed in [29] and it is also shown in Figure 4.20. Note
that the modulation for the voltage clamper is not depicted in Figure 4.20, as the
voltage clamper is only used for suppressing voltage ringing and overshoots. It is
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Figure 4.19 Bidirectional HFL single-phase inverter with a voltage clamper
circuit to prevent the voltage from ringing and overshoots due to the
presence of leakage inductance in the HF transformer
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indicated by [29] and Figure 4.20 that the modulation process from the signal u to
the output pulse train vfd is actually equivalent to a conventional unipolar PWM.
That is to say, the HFL inverter in Figure 4.19 can be treated as a PWM inverter.
Figure 4.21 thus presents the equivalent PWM inverter circuit for the HFL inverter
shown in Figure 4.19. Owing to the turn ratio n for the transformer, the equivalent
DC source voltage is obtained as nvdc, where the turn ratio n ¼ N2/N1 ¼ N3/N1.

The equivalent system is similar to the one shown in Figure 4.1 with a resistive
load R. Thus, the dynamics of the equivalent PWM inverter shown in Figure 4.21 can
be described by the sampled-data model given in (4.2), where the inverter output
voltage vinv(k) can take one of the three values:þ nvdc, �nvdc, or zero. Accordingly,
an SFC scheme is formulated. For convenience, the SFC is given again as:

uðkÞ ¼ �k1
vcðkÞ
nvdc

� k2
_vcðkÞ
nvdc

þ kref
v�cðkÞ
nvdc

(4.18)
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Figure 4.20 Modulation strategy for the single-phase HFL inverter system
without the voltage clamper circuit
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Figure 4.21 Equivalent circuit of the HFL inverter shown in Figure 4.19 without
the voltage clamper, where vinv ¼ vfd
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where u(k) ¼ vinv(k)/(nvdc) 2 [�1, 1]. In the same way, the poles of the SFC-
controlled HFL inverter system can be arbitrarily assigned by tuning the feedback
gains k1 and k2.

However, the tracking accuracy of an SFC-based inverter is sensitive to
parameter variations and nonlinear loads. Since the tracking errors are periodic
signals, as shown in Figure 4.22, a plug-in RC scheme is employed to cancel the
periodic errors and thus guarantees an output voltage of high quality in all operating
conditions [5,6]. The plug-in CRC can be expressed as:

Grc ¼ krcz�N QðzÞ
1 � z�N QðzÞGf ðzÞ (4.19)

where krc is the control gain, N ¼ fs/f with f being the reference input frequency and fs
being the sampling frequency, a low-pass filter (LPF) Q(z) is included, and a linear
phase-lead compensation filter Gf (z) ¼ zp is also adopted with p being the phase-lead
steps [17,18]. Both filters are employed to enhance the controller stability margin.
The LPF is designed as Q(z) ¼ 0.25z þ 0.5þ 0.25z�1.

4.2.3 Experimental validation
Referring to the HFL inverter shown in Figure 4.22, whose parameters are listed in
Table 4.6, the SFC in (4.18) is designed as:

uðkÞ ¼ �0:025
vcðkÞ
nvdc

� 4:28 � 10�6 _vcðkÞ
nvdc

þ 7:2
v�cðkÞ
nvdc

(4.20)

According to (4.5), the closed-loop transfer function for the SFC inverter with
the nominal parameters can be written as:

HðzÞ ¼ 0:1722z þ 0:166
z2 � 1:843z þ 0:8912

(4.21)

In the experiments, the RC gain krc ¼ 0.2, and Gf (z) ¼ z7 are employed.
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Figure 4.22 Hardware schematic and the overall control scheme for the HFL
inverter system
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First, the HFL inverter system is tested under different loading conditions,
where the RC compensator is not enabled. The experimental results are shown in
Figure 4.23, where it can be observed that the output voltage vc has a low THD
of 1.2% with a linear resistive load. However, when the HFL inverter system is
connected to the diode rectifier load, the output voltage will be distorted. As shown
in Figure 4.23(b), a high THD of 5% for the output voltage has been obtained
by the HFL inverter system. Additionally, it is also found in Figure 4.23 that the
major harmonics of the output voltage are the low odd-order harmonics (i.e., the
3rd, 5th, 7th, 9th, and 11th). It should be noted that the MRSC scheme can also
be applied to cancel out these harmonics, which in return leads to an improved
voltage quality.

In order to reduce the harmonics of a wide range of frequencies, the RC
compensator is plugged into the SFC system, as shown in Figure 4.22. Experiments
have been carried under the same load conditions, and the results are presented in
Figure 4.24. It can be seen that the HFL inverter system using the SFC plus a plug-
in RC compensator can produce a very low THD of 0.5% for the output voltage vc

under the linear resistive load. Even when the system is feeding the diode
rectifier load, a relatively low THD of 1.9% has been achieved in contrast to
the high THD in Figure 4.23(b). The above experimental results have verified the
effectiveness of the RC scheme for the HFL inverter in terms of harmonic
mitigation.

As the dynamic response performance is very important for power converter
systems, the HFL inverter system shown in Figure 4.22 is then further tested under
load changes (from no load to full load). Figure 4.25 shows the startup experi-
mental results. It can be observed in Figure 4.25 that the HFL inverter with the
resistive load takes around 50 ms (i.e., 2~3 cycles of the reference 50 Hz signal) to
come to the steady-state, when the SFC with the plug-in RC is activated. In addi-
tion, in this case, the HFL inverter can reduce the peak of the tracking error v*

c – vc

from around 12 V to 0.7 V, as it is shown in Figure 4.25(a). Moreover, it takes the

Table 4.6 Parameters of the high-frequency link inverter system

Parameter Nominal value Unit

Output filter inductor Lf 2.2 mH
Output filter capacitor Cf 23.75 mF
Leakage inductance of transformer 3.16 mH
Transformer turns ratio n 3 –
Input DC bus voltage vdc 60 V
Reference output voltage vc (peak) 100 V
Clamp capacitor CCL 10.5 mF
Rectifier load inductor Lr 3 mH
Rectifier load capacitor Cr 1100 mF
Rectifier load resistor Rr 50 W
Resistive load R 25 W
Sampling/Switching frequency fs 20 kHz
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inverter system with the diode rectifier load longer than 80~100 ms (i.e., 4~5 cycles
of the reference 50-Hz signal) to settle the dynamic response due to the high non-
linearity of the load. Additionally, the steady-state tracking error (peak) under the
diode rectifier load shown in Figure 4.25(b) is reduced from 45 V to 4 V, while the
steady-state tracking error (peak) under the resistor load shown in Figure 4.25(a) is
reduced from 12 V to 1 V. Apparently, offering very high tracking accuracy and
very fast dynamic response, the SFC plus a plug-in RC scheme enables the HFL
inverter to significantly enhance the performance. It is worthy pointing out that the
control gain can be further tuned to reduce the distortions even with nonlinear
loads. Alternatively, advanced PC schemes discussed in Chapter 3 can be employed
to replace the CRC in the HFL inverter system shown in Figure 4.22.

4.2.4 Conclusion
In this section, the CRC scheme is applied to a HFL single-phase inverter, which
is equivalent to a conventional PWM inverter. Based on the equivalent PWM
inverter circuit of the HFL inverter, the SFC plus a plug-in RC scheme has been
developed so that the HFL inverter system can produce CVCF sinusoidal voltages
of high quality under various load conditions. The results of the experiments per-
formed on a 20 kHz HFL inverter test rig have demonstrated the effectiveness of
the plug-in RC scheme, which enables the high-performance control of the HFL
inverter.
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using the SFC under different loads (left: output voltage vc and
current io; right: harmonic distribution of the output voltage vc ):
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In addition, the case-study candidate – the introduced HFL inverter offers
bidirectional power flows, high efficiency, high power density, high reliability, and
high-performance power conversion solution to extensive applications, such as
renewable energy systems, power-grid applications, naval and aerospace power
systems, vehicular and transportation applications, high-power telecommunication
applications, and so on. The plug-in RC scheme can underpin the applications of
the high-performance HFL inverter systems.

4.3 PC of CVCF three-phase PWM inverters

4.3.1 Background
It is well known that, for multiphase PWM DC–AC converters, the harmonic
components of their voltages or currents usually concentrate on particular
frequencies [23–27,37]. For example, for single-phase PWM inverters, (4k � 1)
(k ¼ 1, 2, 3 . . . )-order harmonics (i.e., odd-harmonics) are the dominant harmonic
distortions [10–15]. For three-phase inverters, (6k � 1) (k ¼ 1, 2, 3, . . . )-order
harmonics are mainly seen in the harmonic spectrum [26]. For n-phase (n ¼ 12, 18,
24, . . .) thyristor converters-based power systems, (nk � 1)-order harmonics are the
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using the SFC plus an RC harmonic compensator under different
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major. CVCF three-phase PWM inverters are widely used in industry applications,
such as uninterruptable power supply, emergence power, and so on. Thus, the
CVCF three-phase PWM inverters will introduce (6k � 1)-order harmonics, which
have to be lowered to certain levels by employing advanced control schemes.

For instance, based on the IMP [1], the CRC can be adopted for three-phase
PWM inverters [2–7]. Notably, the CRC is equivalent to a parallel combination of a
proportional gain, an integrator, and infinite RSC controllers [25,26]. Since the
control gains for all RSC controllers in the CRC are identical, as discussed in
Chapter 2, it is impossible for the CRC to compensate power harmonics with
optimal dynamic responses by tuning these control gains independently. Addres-
sing this issue, the PSRC [24,25] scheme is introduced in Chapter 3, which can be
employed in three-phase converters to achieve both high tracking accuracy and fast
dynamics responses. Moreover the digital PSRC occupies the same or less data
memory as what the digital CRC does. For three-phase PWM inverters, the PSRC
scheme that employs a parallel combination of 6k þ i (i ¼ 0, 1, 2, 3, 4, 5)-order
selective harmonic controllers with independent control gains, can offer an optimal
control solution to the featured power harmonics mitigation.

In this section, a plug-in PSRC scheme is thus developed for three-phase PWM
inverters. Experimental tests are also carried out to verify the effectiveness of the
PSRC scheme for three-phase PWM inverters.
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4.3.2 Modeling and control of CVCF three-phase PWM inverters
A three-phase PWM inverter supplying a resistive or diode rectifier load is shown
in Figure 4.26. The dynamics of the three-phase PWM inverter with a resistive load
can be described as [5,6]:
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75: (4.22)

where the output line-to-line voltages vab, vbc, and vca and phase currents ia, ib,
and ic are state variables, vdc is the nominal DC-bus voltage, vAB ¼ vdcuAB,
vBC ¼ vdcuBC, and vCA ¼ vdcuCA are PWM output voltages of the inverter with
uAB, uBC, and uCA being the normalized control output of the controller, and Lf, Cf,
and R are the inductor, capacitor, and resistor of the load.
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Equation (4.22) can be transformed into a two-phase system in the stationary
reference system (i.e., the ab reference frame). In that case, the three-phase system
can be decoupled into two identical independent single-phase systems in the ab
reference frame as:

_vi

€vi

� �
¼

� 1
RCf

1
3Cf

� 1
Lf

0

2
664

3
775 vi

_vi

� �
þ

0
1
Lf

2
4

3
5ui (4.23)

where i ¼ a or b indicating the phase of the two-phase system. Then, the sampled-
data form of (4.23) can be derived as [6]:

_vi k þ 1ð Þ
€vi k þ 1ð Þ
� �

¼ j11 j12

j21 j22

� �
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(4.24)

and Ts is the sampling period.
The control objective of the three-phase PWM inverter is to force vab, vbc, and

vca (i.e., va and vb) to exactly track their reference line voltages v�ab, v�bc, v�ca (i.e., v�a
and v�b) under various loads. As shown in Figure 4.26, the control for the inverter
consists of two parts: an SFC and a plug-in RC compensator. Similarly, the SFC
can be written as:

uiðkÞ ¼ � k1
viðkÞ
vdc

þ k2
_viðkÞ
vdc

	 

þ kref

v�i ðkÞ
vdc

(4.25)
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Figure 4.26 A three-phase PWM inverter using the state feedback control plus a
plug-in RC scheme
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where i ¼ a or b, and v�i is the reference output voltage at the a or b axis.
Clearly, the poles of the SFC system can be arbitrarily assigned by adjusting

the feedback gains k1 and k2. The transfer function from v�i to vi for the SFC system
with nominal parameters can be derived as:

H zð Þ ¼ m1z þ m2

z2 þ p1z þ p2
(4.26)

where p1 ¼ � j11 � g1k1ð Þ � j22 � g2k2ð Þ, p2 ¼ j11 � g1k1ð Þ j22 � g2k2ð Þ � j12ð
� g1k2Þ j21 � g2k1ð Þ, m1 ¼ g1kref , m2 ¼ j12 � g1k2ð Þg2kref � j22 � g2k2ð Þg1kref .

In order to accurately, rapidly, and robustly suppress the periodic disturbances,
a PSRC Gpsrc(z) can be plugged into the SFC system to replace the CRC shown in
Figure 4.22 [24,25]. The PSRC can be given as:

GpsrcðzÞ ¼ Gf ðzÞ
Xn�1

i¼0

ki
ejð2pi=nÞ � z�N=n � QðzÞ

1 � ejð2pi=nÞ � z�N=n � QðzÞ
� �

(4.27)

where N ¼ fs / f0 2 N, f0 ¼ 1/T0 is the fundamental frequency of references v�ab, v�bc,
v�ca (i.e., v�a and v�b), fs is the sampling frequency, ki is the control gain, an LPF
QðzÞ ¼ a1z þ a0 þ a1z�1 with 2a1 þ a0 ¼ 1 and a0 
 0; a1 
 0 is adopted to
enhance the system robustness and stability margin, a linear phase-lead filter
Gf (z) ¼ zp is used to compensate the delay of the SFC system with the actual value
of p being determined by experiments [17,18]. In order to evaluate the PSRC
scheme, the CRC in (2.22) is also developed for comparison.

4.3.3 Experimental validation
In order to verify the control performance, a dSPACE DS1104-based three-phase
inverter experiment system is built up referring to Figure 4.26. Figure 4.27 shows
the experimental system setup, whose parameters are listed in Table 4.7.

The SFC is chosen as:

uiðkÞ ¼ � 312:12
viðkÞ
vdc

þ 355
_viðkÞ
vdc

	 

þ 1080

v�i ðkÞ
vdc

(4.28)

The closed-loop transfer function can be written as:

HðzÞ ¼ 10z þ 9:815
z2 þ 12:77z � 7:699

(4.29)

Determined by experiments, a phase-lead compensation filter Gf (z) ¼ z8 is
employed in the CRC and the PSRC to compensate the phase lag and un-modeled
delay of the actual H(z).

First, only the SFC has been adopted to control the three-phase CVCF inverter.
Figure 4.28 shows the steady-state performance of the three-phase inverter under
the three-phase diode rectifier load. It is indicated in Figure 4.28 that the SFC
cannot produce good quality output voltage under nonlinear loads. Specifically, the
THD of the output line–line voltages is around 6.5%. Furthermore, it can be seen in
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Figure 4.28 that the low-order harmonics with the order being up to 15th-order
dominate the THD of the output voltage. In order to evaluate the harmonic dis-
tribution of the output voltage in details, a harmonic ratio hr (j) is defined as:

hrðjÞ ¼
Pj

i¼1 Mi

� �
P199

i¼1 Mi

� �� 100% (4.30)

in which Mi is the magnitude of the ith-order harmonic. The harmonic ratio hr (j) for
the current spectrum shown in Figure 4.28(b) can be represented in Figure 4.29(a),

Resistive Load Oscilloscope

dSPACE1104Measurements

Inverter Diode Rectifier ControlDesk

Figure 4.27 Experimental setup for the three-phase CVCF inverter system

Table 4.7 Parameters of the three-phase CVCF inverter system
shown in Figure 4.26

Parameters Nominal value Unit

DC-link voltage vdc 400 V
Inductor filter Lf 5 mH
Capacitor filter Cf 100 mF
Resistive load R 60 W
Rectifier inductor Lr 5 mH
Rectifier capacitor Cr 1100 mF
Rectifier resistor Rr 60 W
Switching frequency 6 kHz
Sampling frequency 6 kHz
Output voltage frequency 50 Hz
Output line voltage amplitude (peak) 270 V
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which indicates that about 90% of the harmonics is located within the range of
[0, 1100] Hz. In addition, Figure 4.29(b) shows the bandwidths of Q(z) ¼ 0.25zþ
0.5þ 0.25z�1 for the CRC and the actual equivalent LPF Q6(z) with Q(z) ¼ 0.05zþ
0.9þ 0.05z�1 for the PSRC [24,25] are about 1100 Hz. Thus, the LPFs allow the
RC schemes to eliminate most of the harmonics in the output line voltages. More
important, a good trade-off between tracking accuracy and robustness can be
achieved. Furthermore, the harmonic ratio of all (6k � 1)-order harmonics to the total
harmonics of the output line voltage shown in Figure 4.29(a) is about 63%. That is to
say, the (6k � 1)-order harmonics dominate the THD of the output line voltages.

Therefore, the PC schemes are plugged in the control system respectively.
Namely, the CRC and the PSRC given in (4.27) with n ¼ 6 are adopted to enhance
the tracking performance of the three-phase CVCF inverter system. According to
the harmonics distribution in Figure 4.28(b), if the control gains for the (6k � 1)-
order harmonics are larger than those for other harmonics, i.e. (k1 þ k5) > (k0 þ
k2 þ k3 þ k4), the error convergence rate can be improved. For comparison, in the
following experimental tests, krc ¼ 0.6 is designed for the CRC; k0 þ k1 þ k2 þ
k3 þ k4 þ k5 ¼ krc with k0 ¼ k2 ¼ k3 ¼ k4 ¼ 0.05, k1 ¼ k5 ¼ 0.40 are selected for
the PSRC.

Figure 4.30 gives the steady-state responses of the three-phase CVCF inverter
system using the CRC and the PSRC schemes, where the same rectifier load has
been connected. It can be seen in Figure 4.30 that both PC schemes (i.e., the CRC
and the PSRC) can achieve perfect tracking of the reference voltages and yield very
low THDs of 1.4% and 1.3%, respectively, in contrast to the THD of 6.5% shown
in Figure 4.28. Furthermore, for comparison, the tracking errors, the THD levels,
and the convergence rates of the inverter using the two PCs are listed in Table 4.8.
The data in Table 4.8 indicate that the PSRC achieves almost the same tracking
accuracy as what the CRC does, but its error convergence rate is more than two
times faster (up to three times). In summary, a PSRC with appropriate control gains
and LPFs can achieve almost the same highly accurate tracking of periodic voltages
as what the CRC does. Moreover, compared with the CRC, the PSRC enables to
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flexibly improve the convergence rate without any compromise in accuracy, while
requiring the same or less memory space.

Next, the dynamic performance of the inverter using the two PC schemes has
been studied. Figure 4.31 shows the dynamic responses of the CRC- and the PSRC-
controlled inverter under step-resistive load changes between full load and no load.
It can be seen in Figure 4.31 that it takes about five cycles (i.e., 100 ms) for the
output voltages of the PSRC-controlled inverter to recover its steady-state settling
status after slight variations under step load changes, while the recovery time of the
CRC system is about eight cycles. It means that, both the PSRC- and the CRC-
controlled PWM inverters are robust to load changes, and the PSRC leads to faster
dynamic responses than what the CRC does. Moreover, it is noted that the plug-in
PCs and the SFC are complementary: the SFC offers fast dynamic response and
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robustness to load changes with ‘‘coarse’’ tracking accuracy; the plug-in PCs ensure
‘‘fine’’ compensation of residual periodic errors of the SFC system but at a rela-
tively slow convergence rate.

4.3.4 Conclusion
In this section, a digital PSRC scheme for multiphase CVCF PWM inverters has
been demonstrated on a three-phase PWM inverter with resistive and diode rectifier
loads. The PSRC enables the inverter systems to eliminate harmonic distortions in
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Figure 4.30 Steady-state responses of the three-phase CVCF inverter under the
rectifier load using the SFC plus different PC controllers (left: output
line voltages vab, vbc, vca and phase current ia; right: harmonic
distribution of the output line voltage vab ): (a) the CRC and
(b) the PSRC

Table 4.8 Performance comparisons between the CRC and the PSRC

Control schemes Tracking error (RMS) THD Convergence time

SFC 43 V 6.48% –
SFCþ CRC 2.5 V 1.41% about 0.3 s
SFCþ PSRC 3.2 V 1.33% about 0.14 s
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the output voltages efficiently and robustly. The PSRC scheme enables the CVCF
PWM inverters to significantly improve the total error convergence rate without the
loss of tracking accuracy. In addition, the PSRC occupies the same or less memory
space as what the CRC does. Experimental results have confirmed the effectiveness
and advantages of the PSRC in the control of three-phase CVCF inverter systems.

4.4 PC of grid-connected single-phase photovoltaic (PV)
inverters

4.4.1 Background
An intense photovoltaic (PV) integration into the grid challenges the availability, the
power quality, and the emerging reliability of the entire electrical power system
[40–45]. As an important power quality index, the current distortion level (i.e., THD)
should be lower than 5% in normal operation modes with rated output power for PV
systems [44]. However, due to the solar irradiance variations, the output currents are
usually varying and lower than the rated value. If large-scale PV systems feed such
time-varying currents into the grid, the power quality will be challenged again.
Furthermore, the PV systems are expected to be active players in future with reactive
power compensation and low-voltage ride-through (LVRT) capability [46–49]. In
these cases, although the requirements are met by an individual PV inverter under
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(b) the PSRC
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the rated condition, the overall feed-in currents may still violate the regulations.
Advanced control solutions thus should be able to maintain the power quality in
various operation modes [50–55] to avoid controller redesign.

The proportional–integral (PI) control in the dq synchronous reference frame
(SRF) is the most popular controller for three-phase inverters. For single-phase PV
systems, a proportional-resonant (PR) controller (a PC scheme) in the stationary
frame is actually equivalent to a SRF PI controller [20,41]. Such an IMP-based PC
scheme takes several advantages over the SRF PI, such as much less computational
burden and complexity due to its lack of Park transformations, less sensitiveness to
noise, and error in synchronization. Thus, it becomes a popular current regulator for
grid-connected single-phase systems. In addition, odd-order harmonics (e.g., the
third, fifth, and seventh) are dominant in the output current of single-phase PV
inverters [57,58]. As a straightforward way, the MRSC can be plugged into PR
controller [56–58] to effectively eliminate the low-order harmonic. However, the
MRSC may incur heavy computational burden in compensating a large number of
harmonics and design complexity in determining the gains and compensation
phases for overmuch RSC components. Alternatively, the CRC can be employed to
track or reject all harmonics below the Nyquist frequency in theory [59,60].
Nevertheless, it is a challenging issue to always ensure single-phase grid-connected
PV inverters to produce high-quality current in various operational modes.

In this section, in accordance with the mechanism of the harmonic current injection
from the single-phase grid-connected inverters in Chapter 1, a high-performance PC
solution is developed for single-phase grid-connected PV inverter systems to always
produce high-quality current. Experiments on a 1 kVA single-phase grid-connected
system are performed to verify the effectiveness of the PC method.

4.4.2 Modeling and control of grid-connected single-phase
PV inverters

A single-phase grid-connected PV system based on a single-phase PQ theory control
method is shown in Figure 4.32, where an inductor-capacitor-inductor (LCL) filter is
employed to improve the feed-in current quality. By adjusting the active power and
reactive power references (P*, Q*), the power factor can be controlled flexibly.

Since the filter capacitor Cf in the LCL filter is mainly used to filter out the
HF switching harmonics, the LCL filter shown in Figure 4.32 can be simply
modeled as an L filter with L ¼ L1 þ L2. According to the discussion in Chapter 1
and Figure 1.8, the entire system can thus be modeled as:

dig

dt
¼ 1

L
vinv � vg

� �
dvdc

dt
¼ 1

C
ipv � idc

� �
8><
>: (4.31)

Following the same analysis in Chapter 1, the DC-link voltage variations can
then be approximated as:

~vdc � �
ð

V 1
invI1

g

CVdc
cos 2w0t þ j� j1ð Þ

 !
dt (4.32)
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which indicates that the DC-link voltage variations (~vdc or ~vpv) are proportional to
the fundamental feed-in current amplitude I1

g : The voltage variations of twice the
fundamental grid frequency also vary with the power angle j, which cannot be zero
in the case of reactive power compensation and LVRT with reactive current
injection (i.e., nonunity power factor operation). Thus, both the current levels
(related to the intermittency of the injected PV power) and the power angle (related
to the operation modes) will affect the current quality.

The impacts are further demonstrated on a double-stage system, where in the
current controller a PR controller is employed. As shown in Figure 4.33, both the
power factor and the current level have a significant impact on the THDs of
the injected current. In practice, the current level will vary with the sites and/or the
environmental conditions. Since the design and operation modes of single-phase
PV systems will be influenced by the grid requirements, it is necessary to
examine the clauses in existing grid requirements and prompt the development of
upcoming grid codes. More important, it calls for advanced high-performance
current control schemes to tolerate the impacts as much as possible. That is to say,
the preferred control method is not sensitive to the changes of power factor and
output current level.

PV Panels
ipv idc

Inverter
GridL1 L2

MPPT

C

(a)

(b)

vdcvpv vinv

dpwn

P*

P

Q

P*

Q*

Q*

vinv ig
vg

C Cf

PWM

PQ Inverter
Control

Current
Controller

vga

vgb

May be absent

P Controller

Q Controller

ig

vg

*

*

÷

×

÷×

–+

+
–

××

×
×

+

+

–+
ig

2 2vga + vgb

vinv

ig

*

Figure 4.32 A single-phase single-stage grid-connected PV system based on the
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(a) hardware schematic and (b) inverter control diagram (P, Q are
the injected active and reactive power, vga¼ vg, and vgb is a virtual
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In light of the above considerations, a tailor-made hybrid IMP-based PC
strategy (PR plus the CRC) shown in Figure 4.34 is developed for the PV inverter
shown in Figure 4.32. In the hybrid control system, the PR current controller is used
to achieve zero tracking error at the grid fundamental frequency and the CRC
is adopted as the harmonic compensator to remove the harmonic components.
The combination of the PR and the CRC can make an optimal trade-off between
optimal control performance and practical realization complexity.
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In the discrete-time domain, the CRC scheme can be expressed as:

GrcðzÞ ¼ krcz�N QðzÞ
1 � z�N QðzÞGf ðzÞ (4.33)

where N ¼ fs/f0 with fs being the sampling frequency and f0 ¼ 1/T0 being the grid
fundamental frequency, krc is the control gain, an LPF QðzÞ ¼ a1z þ a0 þ a1z�1

with 2a1 þ a0 ¼ 1 and a0 
 0; a1 
 0 is employed to enhance the control per-
formance, a linear phase-lead compensator Gf (z) ¼ zp is used to compensate the
delay of the PR-controlled PV inverter system, where the actual value of p is
determined by experiments [17,18]. For the PR controller, using the pre-warping
bilinear (Tustin) transformation, its digital form can be obtained as:

GPRðzÞ ¼ kP þ kR � sin w0Tsð Þ
2w0

� 1 � z�2

1 � 2 cos w0Tsð Þz�1 þ z�2
(4.34)

in which Ts ¼ 1/fs is the sampling period, kP and kR are the control gains, and w0 is
the fundamental grid angular frequency. Thus, the tailor-made PC scheme can be
implemented in digital controllers without much difficulty. In addition, the MRSC
is also developed for the grid-connected system for comparison.

4.4.3 Experimental validation
In order to verify the above analysis and to evaluate the hybrid PC scheme,
referring to Figure 4.32 and Figure 4.34, a single-phase grid-connected system is
tested experimentally. System parameters are listed in Table 4.9. In this test, a
commercial inverter is adopted, and it is connected to the grid through an isolation
transformer. The control system is implemented in a dSPACE DS1103 system. An
LC is employed in order to filter out the harmonics at high-switching frequencies,
and the voltage across the filter capacitor is measured as the grid voltage. Together
with the leakage inductance of the isolation transformer, an LCL filter is formed.
For the control system shown in Figure 4.32, two PI controllers are employed
as the P controller and the Q controller. The proportional and integral gains for the
P controller are kpp ¼ 1.2, kpi ¼ 52, while for the Q controller are kqp ¼ 1, kqi ¼ 50.

Harmonic Controller

Repetitive Control

+ +

+ +

Fundamental Current Controller

PR Controller

krc Q(z) z–N Gf (z)

–
+

ig

ei vinvig* *

Figure 4.34 PR current controller plus a repetitive control-based harmonic
controller for the single-phase grid-connected inverter system
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With parameters in Table 4.9, the PR controller in (4.34) with kP ¼ 22,
kR ¼ 2,000 is designed, which ensures that the closed-loop system is stable (only using
PR controller). The plug-in CRC with krc ¼ 1.8 and QðzÞ ¼ 0:05z þ 0:9 þ 0:05z�1

is designed to compensate the harmonics. For comparison, a plug-in MRSC con-
troller which includes the third-, fifth-, and seventh-order RSC components with
gains being kr3 ¼ kr5 ¼ 5000, kr7 ¼ 7000 is also developed. Figure 4.35 gives the
frequency responses of the PR with the CRC and the PR with the MRSC, where it
can be observed that the PR plus the CRC scheme can remove almost all the
harmonics below the Nyquist frequency. In contrast, the PR plus the MRSC scheme
offers better harmonic suppression capability at the selected harmonic frequencies
(i.e., the third-, fifth-, and seventh-order harmonics).

The single-phase grid-connected PV inverter system is then tested, and the
results are shown in Figure 4.36, where only the PR current controller is adopted.
As shown in Figure 4.36, the experimental results indicate that the THD level of the
feed-in current ig at unity power factor is 8.5%, even the system is running at its
rated power level. The resultant THD level already exceeds the limit of 5% in the

Table 4.9 Parameters of the single-phase grid-connected inverter system

Parameter Value Unit

Grid voltage amplitude vg 325 V
Grid frequency f0 50 Hz
Inductor of the LC filter L1 3.6 mH
Capacitor of the LC filter Cf 2.35 mF
Transformer leakage inductance l2 4 mH
Sampling and switching frequency fs, fsw 10 kHz
Rated power 1 kVA
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IEEE 929 standard. Furthermore, it is also observed in Figure 4.36(b) that the major
harmonics of the feed-in current are odd-order harmonics within the low-frequency
band. Notably, the PR controller fails to eliminate the major harmonic distortions of
the feed-in current. As a consequence, harmonic compensators should be developed
to improve the feed-in current quality.

It is known that the PC schemes offer a promising harmonics cancelation
solution. As shown in Figure 4.34, the CRC can be plugged into the PR current
controller to remove most of the harmonics of the feed-in current whose fre-
quencies are below the Nyquist frequency. Alternatively, the MRSC can be used to
replace the CRC in order to only suppress the major odd-order harmonics, such as
the third-, fifth-, and seventh-order harmonics, in accordance with the harmonic
spectrum shown in Figure 4.36(b). In contrast to the harmonic spectrum of the feed-
in current shown in Figure 4.36(b), the fast Fourier transform (FFT) analysis of the
feed-in currents shown in Figure 4.37 indicates that, the plug-in MRSC scheme has
effectively suppressed the major feed-in current harmonics in the low-frequency
band, but fail to deal with high-order feed-in current harmonics; the plug-in CRC
scheme has effectively reduces most of the feed-in current harmonics. Moreover,
the experimental results shown in Figure 4.37 indicates that the PR plus MRSC and
PR plus CRC schemes have suppressed the THDs of feed-in current to 3% and
1.7% at unity power factor respectively, which are below the limit of 5%. Notably,
compared with the PR plus MRSC scheme, the tailor-made PR plus CRC scheme
can produce a better quality feed-in current because it can compensate much more
harmonics (e.g., the 13th- and 15th-order harmonics) without increased complexity.

Additionally, the single-phase grid-connected inverter has been tested under
various power angles, where the feed-in current amplitudes are fixed. The experi-
mental results shown in Figure 4.38 indicate that the THDs of the feed-in current ig
produced by the PR controller varies with the change of power angle j, as depicted
in the previous discussion in Section 1.1.3 in Chapter 1. By contrast, when the PC
compensators are plugged in, the THDs of the feed-in current become almost
independent of the power angle: the current THD produced by the PR plus the CRC
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scheme is maintained around 2%, and the current THD produced by the PR plus the
MRSC scheme is maintained around 3%.

All the above experimental tests have verified the effectiveness of the tailor-
made PC current control scheme for grid-connected single-phase inverter systems.

4.4.4 Conclusion
Based on the harmonic injection mechanism, a tailor-made hybrid periodic current
control scheme that includes a PR controller and a CRC, is developed for the single-
phase grid-connected inverters to effectively suppress the harmonics of the feed-in
current with different power factors. The experimental results verify the effectiveness
of the tailor-made hybrid PC scheme. That is to say, the PC method is not sensitive to
the clause changes of grid requirements on current distortion levels of grid-connected
single-phase PV inverters. It enables grid-connected converters to always produce
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high-quality feed-in current while providing ‘‘smart’’ ancillary services, such as
reactive power compensation, and so on.

4.5 PC of grid-connected single-phase HFL rectifiers

4.5.1 Background
Light, compact, efficient, and reliable battery chargers are highly demanded in
electrical vehicles. HFL power converters provide a promising solution to the on-
board battery chargers [1–16], which can operate at HF soft-switching mode.
Galvanic isolation HF transformers not only can guarantee safe operation of the
HFL converters, but also can increase voltage and current scalabilities. As shown in
Figure 4.39, HFL rectifiers with HF isolation transformers can be classified into
two types: ‘‘DC/DC’’ and ‘‘Cycloconverter’’ [28–36].

As shown in Figure 4.39(a), the ‘‘DC/DC’’ type HFL rectifiers include an
isolated DC/HFAC/DC conversion stage, which comprises a DC/HFAC converter
followed by a galvanic isolation HF transformer, and a HFAC/DC rectifier. Such a
‘‘DC/DC’’ HFL rectifier has three cascaded power conversion stages, and can
achieve either unidirectional or bidirectional power flow. However, it can also be
seen that a bulky DC-link capacitor C should be installed between the first AC/DC
stage and the DC/HFAC/DC stage. Clearly, three power conversion stages will
reduce the overall system conversion efficiency. At the same time, the bulky DC-link
capacitor has become one of the most life-limiting components in the entire system.
Nevertheless, for the ‘‘DC/DC’’-type HFL rectifiers, the AC/DC conversion and the
isolated DC/HFAC/DC conversion are decoupled. Two separate feedback control
strategies are needed for the above two decoupled conversion stages.
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For better system efficiency and reliability, ‘‘Cycloconverter-type’’ HFL rec-
tifiers have been introduced, as shown in Figure 4.39(b). Such HFL rectifiers
comprise of two power conversion stages: an AC/AC Cycloconverter followed by a
galvanic isolation HF transformer, and an HFAC/DC rectifier stage. Compared
with the ‘‘DC/DC’’ type HFL rectifier, the ‘‘Cycloconverter’’ type HFL rectifier is
more attractive: higher efficiency due to less cascaded conversion stages, and better
reliability due to the removal of the bulky DC-link capacitor. Furthermore, the
bidirectional power flow enables ‘‘Cycloconverter’’ type HFL rectifier to serve
extensive applications, such as vehicle-to-grid systems. However, the ‘‘Cyclo-
converter’’ type HFL rectifiers are more complicated due to the coupling between
the AC/AC cycloconverter and the HFAC/DC rectifier.

In this section, a ‘‘Cycloconverter’’ type HFL single-phase rectifier is introduced
for grid-connected applications. With a proper switching modulation strategy, the
‘‘Cycloconverter’’ type HFL rectifier can be equivalent to a conventional PWM
rectifier with a line frequency transformer. Based on the equivalent circuit model, a
periodic control scheme – the plug-in MRSC is developed for the ‘‘Cycloconverter’’
type HFL rectifier to not only draw high-quality grid-side currents but also offer
flexible reactive power compensation capability. In addition a conventional PI con-
troller is employed to generate a constant output DC voltage. Experiments are carried
out to verify the effectiveness of the MSRC scheme for the ‘‘Cycloconverter’’ type
HFL rectifier.

4.5.2 Modeling and control of grid-connected single-phase
‘‘Cycloconverter’’ HFL rectifiers

The circuit topology of the ‘‘Cycloconverter’’ type HFL single-phase rectifier is
presented in Figure 4.40, where a HF galvanic isolation transformer with the turn
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ratio being n ¼ N2/N1 ¼ N3/N1 is adopted. The secondary-side of the HF transformer
is connected to a single-phase full-bridge rectifier. An active voltage clamper is also
employed, as highlighted in Figure 4.40. Note that, since the voltage clamper is only
used to suppress the voltage ringing and overshoots due to the transformer leakage
inductance, it has little relationship with the power conditioning functionality of the
rectifier and thus is omitted in the following sections.

Referring to the modulation strategy shown in Figure 4.20 for the CVCF single-
phase HFL inverter shown in Figure 4.19, the same modulation strategy can be
applied to the ‘‘Cycloconverter’’ type HFL rectifier shown in Figure 4.40. According
to the modulation strategy, it can be identified that the modulation signal u actually
can be converted into a typical unipolar PWM signal vfd of a full-bridge rectifier.
Consequently, adopting the modulation strategy shown in Figure 4.20, the ‘‘Cyclo-
converter’’ type HFL rectifier is equivalent to the conventional PWM rectifier circuit
shown in Figure 4.41. Thus, the analysis and control of such a HFL rectifier can be
significantly simplified.

The dynamics of the equivalent single-phase PWM rectifier can be described
as [30]:

vg ¼ vfd þ Lg
dig

dt
þ Rgig (4.35)

i0o ¼ v0o
R0 þ C0

f

dv0o
dt

(4.36)

where v0o ¼ nvo, i0o,C0
f ¼ Cf =n2, and R0 ¼ n2R denote the equivalent voltage,

current, capacitor, and resistor, n ¼ N2=N1 ¼ N3=N1 is the turn ratio of
HF transformer, vo is the output voltage across the capacitor Cf shown in
Figure 4.40, and Lg and Rg are the grid-side filter inductance and resistance,
respectively.
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Like a conventional PWM rectifier, the control objective for such a HFL rectifier
shown in Figure 4.40 is also to maintain high-quality input current ig with an
adjustable power factor, and a constant output DC voltage vo. Given that the
equivalent circuit shown in Figure 4.41, PC schemes for conventional PWM rectifiers
can be directly applied to the ‘‘Cycloconverter’’ type HFL rectifier. Hence, as shown
in Figure 4.42, a typical dual-loop structure control scheme [30] is applied to the HFL
rectifier, namely an inner AC current loop and an outer DC voltage loop.

Based on the IMP [1], a RSC can achieve zero-error tracking of a sinusoidal
signal of the corresponding resonant frequency in the steady-state [15,16].
Considering that the major harmonics of the input current of PWM rectifiers
concentrate within low frequency band, an MRSC controller (i.e., a parallel
combination of the fundamental-frequency, third-, fifth-, and seventh-order RSC
components) can be used to achieve high-quality sinusoidal feed-in currents at the
grid side, as shown in Figure 4.42(b). The parallel structure enables that the gain of
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Figure 4.41 Equivalent circuit for the bidirectional ‘‘Cycloconverter’’ type HFL
single-phase rectifier, when the modulation scheme in Figure 4.20
is used
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each RSC component can be tuned independently so that the MRSC can improve
its dynamic performance.

According to Figure 4.42(b), a PI plus the MRSC scheme is developed as the
current-loop controller. It can be given as:

GccðsÞ ¼ kp þ ki

s
þ
X3

n¼0

krn
s

s2 þ 2nw0 þ w0ð Þ2 (4.37)

where kp, ki, and krn are the proportional, the integral, and the resonant control gains
with n being the harmonic order, and w0 is the angular fundamental frequency of
the grid voltage. A typical PI controller is used to regulate the output DC voltage vo

to the constant reference v*
o, which can be given as:

GvcðsÞ ¼ kpv þ kiv

s
(4.38)

where kpv and kiv are the proportional and integral control gains, respectively.

4.5.3 Experimental validation
In order to evaluate the PI plus MRSC current control scheme for the HFL rectifier
system shown in Figure 4.40, a digital signal processor (DSP)-based 1 kVA HFL
rectifier system has been built up, which is shown in Figure 4.43. The dual-loop
control scheme, as illustrated in Figure 4.42, is implemented in a TMS320F28335
DSP. System parameters are listed in Table 4.10.

First, the steady-state performance of the ‘‘Cycloconverter’’ type HFL rectifier
is tested, where the dual-loop control strategy shown in Figure 4.42 is adopted. The
experimental results shown in Figure 4.44 indicate that the HFL rectifier achieves
an almost constant output voltage vo of 60 V with ripples of � 2 V and twice the
grid frequency, and draws a sinusoidal grid current with the THD of 2.3% and the
power factor angle of 0	.

As stated previously, the ‘‘Cycloconverter’’ HFL rectifier system is able to
flexibly adjust the power angle of its grid current for providing reactive power

Oscilloscope High Frequency Transformer

Main Circuit and Driver Board

Measurements

DSP Controller

Resistive Load

Grid-side Filter

Figure 4.43 Experimental setup of the ‘‘Cycloconverter’’ type HFL rectifier system
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compensation. Hence, experiments have been carried out to test its corresponding
capability. The experimental results shown in Figure 4.45 indicate that the grid-
connected HFL rectifier system can provide either leading or lagging reactive
power compensation to the grid at the point of common coupling (PCC). In addi-
tion, the THDs of the resultant grid currents are 2.4% and 2.2% respectively, as
shown in Figure 4.45(a) and (b). This confirms that the ‘‘Cycloconverter’’ type
HFL rectifier will not generate severe harmonics at the PCC even when the rectifier
is required to provide reactive power compensation.

At last, tests have been done to investigate the dynamic performance of the
proposed ‘‘Cycloconverter’’ type HFL rectifier system. The start-up dynamic
responses of the HFL rectifier system shown in Figure 4.46 indicate that it takes the
rectifier system about 0.1 s to force its output DC-link voltage vo and input current
ig to reach their steady-states. Additionally, dynamic responses of the HFL rectifier

Table 4.10 Parameters of the high-frequency link rectifier system

Parameter Nominal value Unit

Grid side line filter inductor Lg 2.2 mH
Leakage inductance of transformer 3.16 mH
Transformer turns ratio n 3 –
Reference output DC voltage v*

o 60 V
Grid peak voltage vg 100 V
Grid fundamental frequency f0 50 Hz
Clamp capacitor CCL 10.5 mF
Resistive load R 13 W
Sampling frequency fs 20 kHz
Switching frequency 20 kHz
DC output capacitor Cf 4700 mF
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system under step load changes shown in Figure 4.47 indicates that it takes the
rectifier around 0.2 s to recover the steady-state when the load is switched from
26 W to 13 W, and 0.15 s when the load is switched from 26 W to 13 W. All these
experimental results confirm the rapidness and robustness of the ‘‘Cycloconverter’’
type HFL rectifier with the dual-loop control scheme.

In addition, the conversion efficiency of the ‘‘Cycloconverter’’ HFL rectifier
system has also been measured. The conversion efficiency is about 84% ~ 89% in
the experiments. Generally speaking, the PC-based control scheme enables the HFL
rectifier system to draw low-THD input currents with fast dynamic response. Thus
the HFL rectifier system with the PC scheme is able to offer a high-performance
grid interface for grid-connected devices.
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4.5.4 Conclusion
A ‘‘Cycloconverter’’ type HFL single-phase rectifier has been studied in this sec-
tion. The HFL rectifier can be equivalent to a conventional PWM rectifier, and thus
simplifies the design and analysis of its control scheme. An MRSC-based dual-loop
control scheme has been developed to enable the HFL rectifier to function as a
high-performance PWM rectifier that can achieve sinusoidal grid currents, a con-
stant DC output voltage, and adjustable power factors. Experiments have demon-
strated the effectiveness of the HFL rectifier system with the MRSC-based control
scheme. The HFL rectifier offers a light, compact, efficient, reliable, and bidirec-
tional power-flow power conversion to extensive applications.

4.6 PC of grid-connected three-phase PWM inverters

4.6.1 Background
As discussed earlier, three-phase six-pulse PWM converters mainly produce
(6k � 1)-order power harmonics (k ¼ 1, 2, 3, . . . ). In order to improve the power
quality in the case of grid-connected applications, any associated control strategy
should be able to compensate such ‘‘featured’’ harmonics with high control
accuracy while maintaining fast dynamic response, guaranteeing robustness, and
being feasible for implementation [27].

Among the prior-art control schemes, the IMP-based CRC [2–9] and the RSC
[19,20,38,39] provide very simple but effective control solutions in grid-
connected applications. However, without considering the harmonic distribution,
although the CRC can compensate the harmonics within a wide frequency range, it
presents relatively slow dynamic response. In contrast, when the harmonic dis-
tribution is taken into account, the MRSC at selected harmonic frequencies can
render quite fast dynamic response, but it will increase the computation and design
complexity when dealing with a large number of harmonics. Alternatively, the
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Figure 4.47 Transient responses of the HFL rectifier under step load changes
(output DC voltage vo, grid voltage vg, and grid current ig): (a) load
changes from 13 W to 26 W and (b) load changes from 26 W to 13 W
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DFT-based RC [61], which is virtually equivalent to the MRSC, can flexibly and
selectively compensate the harmonics of interest. Notably, unlike the MRSC, the
outstanding feature of the DFT-based RC is that the computational complexity is
independent of the number of selected harmonics. Nonetheless, the DFT-based RC,
will also involve a large amount of parallel computation that is proportional to the
number of samples per fundamental period. Thus, the DFT-based RC is especially
suitable for high-performance fixed-point DSP implementation.

In light of the above issues, the OHC scheme has been adopted to control
three-phase grid-connected inverters in this section. Such a PC scheme offers
an accurate, fast, robust, and easy-for-implementation solution to three-phase
grid-connected power converters. Experiments performed on a three-phase grid-
connected PV inverter have validated the effectiveness of the OHC scheme.
Notably, in this case study, the designed OHC scheme specifically incorporates the
(6k � m)-order SHC modules in order to mitigate the (6k � 1)-order harmonics in
six-pulse converters [23–27].

4.6.2 Modeling and control of grid-connected three-phase
PWM inverters

Figure 4.48 shows a grid-connected three-phase six-pulse inverter for PV applica-
tions, which is used to feed currents into the grid. As shown in Figure 4.48, the
capacitor Cf of the LCL-filter is used to eliminate high-order harmonic currents of the
switching frequencies. Together with the grid-side inductor L2, they can be referred
to as an ‘‘ideal’’ load, or they can be taken as ‘‘model mismatch’’ [54]. Therefore,
the dynamics of the three-phase grid-connected PV inverter shown in Figure 4.48
can be simply described only considering an ‘‘L’’-filter (inverter-side inductor L1):
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where vsa, vsb, and vsc are the inverter output voltages, ia, ib, and ic are the grid
currents, van, vbn, and vcn are the grid phase voltages, L1 and R1 are the inductance
and resistance of the inverter-side inductor, respectively.

The corresponding sampled-date model of (4.39) can be expressed as:

ijðk þ 1Þ ¼ b1 � b2

b1
ijðkÞ þ vsjðkÞ

b1
� vjnðkÞ

b1
(4.40)

vsjðkÞ ¼ ujðkÞ vdcðkÞ
2

(4.41)

where j ¼ a, b, c indicates the phase, b1 ¼ L1/Ts with Ts being the sampling time,
b2 ¼ R1, vdc is the DC bus voltage, and uj (ua, ub, uc) are the normalized outputs of
the system controller.
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The control objective of the three-phase grid-connected inverter is to achieve a
unity power factor in normal operation modes, and feed-in currents of low THD
levels. As indicated in Figure 4.48, the dual-loop control scheme includes a dead-
beat (DB) plus a plug-in PC harmonic compensator as the inner current control
loop, and an outer control loop for generating accurate current references for the
inner control loop. Notably, in Figure 4.48, the current references are directly
given, while in practice it can be generated by a maximum power point tracking
(MPPT)-based output power controller.

If the current controller for the plant in (4.40) is chosen as:

ujðkÞ ¼ 2
vdcðkÞ vjnðkÞ þ b1i�j ðkÞ � b1 � b2ð ÞijðkÞ

h i
; (4.42)

ij k þ 1ð Þ ¼ i�j ðkÞ is obtained. It means that a DB current controller is employed.
However, as shown in (4.42), the controller parameters are normally derived on the
basis of the nominal system parameters. Thus, the DB controller is sensitive to the
accuracy of the inverter model as well as system parameter variations. In practice, it
is hard to obtain an accurate inverter model due to parameter uncertainties and load
disturbances. Hence, a PC (i.e., an OHC) is added to the current controller to improve
the control performance. The OHC is given as [27]:

GOHCðzÞ ¼
X

m2Nm

GsmðzÞ ¼
X

m2Nm

kmGf ðzÞ cos 2pm
n

� �
zN=6QðzÞ � Q2ðzÞ� �

zN=3 � 2 cos 2pm
n

� �
zN=6QðzÞ þ Q2ðzÞ (4.43)

where N ¼ T0/Ts [ N with Ts being the sampling period, N/6 [ N, and km is the
control gain, and Nm is the considered number of harmonic sets, an LPF
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Figure 4.48 A three-phase grid-connected inverter system with an LCL-filter for
PV applications
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QðzÞ ¼ 0:25z þ 0:5 þ 0:25z�1 is often chosen for improving the controller
robustness, a linear phase-lead compensation filter Gf (z) ¼ zp is also adopted
[17,18]. The control module Gsm(z) for (6k � m)-order harmonics in (4.43) can be
expressed as:

GsmðzÞ ¼
kmGf ðzÞ cos 2pm

n

� �
zN=6QðzÞ � Q2ðzÞ� �

zN=3 � 2 cos 2pm
n

� �
zN=6QðzÞ þ Q2ðzÞ (4.44)

which is also called (6k � m)-order SHC module [26,27]. For comparison, a plug-in
CRC current control scheme is also developed for the three-phase grid-connected
inverter system.

4.6.3 Experimental validation
In order to validate the PC scheme, a test rig has been built up as shown in Fig-
ure 4.49, where a three-phase commercial power converter is connected to the grid
through an LCL-filter and an isolation transformer. The control system was
implemented by using a dSPACE DS1103 rapid prototyping kit. Parameters of the
test setup are listed in Table 4.11. As discussed previously, a filter Gf (z) ¼ zp is
normally used to compensate sampling delays, model mismatches, and un-modeled
delay for both the CRC and the OHC systems, where the lead step p ¼ 3 is deter-
mined by experiments.

First, tests are carried out to determine the harmonic distributions of the
only DB-controlled three-phase inverter. The experimental steady-state respon-
ses of the grid-connected three-phase inverter shown in Figure 4.50 clearly
indicate that, the feed-in currents have a THD of 8.4% (beyond the limit of 5%
in the IEEE 929 standard) and contains dominant (6k � 1)-order harmonics with
k ¼ 1, 2, 3 . . . . That is to say, the DB controller cannot force the feed-in currents
to perfectly track the sinusoidal references, and thus leads to poor feed-in
current quality.

DC Source

dSPACE

Inverter

LCL Filter

Isolation Transformer

ControlDesk

Figure 4.49 Experimental setup of a three-phase grid-connected system with an
LCL-filter
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Figure 4.50 Steady-state performance of the DB-controlled three-phase grid-
connected inverter: (a) phase voltages van, vbn [100 V/div], phase A
current ia [5 A/div] and tracking error eia ¼ i*a � ia [5 A/div], time
[10 ms/div] and (b) harmonic distribution of the grid current ia

Table 4.11 Parameters of the three-phase grid-connected
inverter system with an LCL-filter

Parameters Value Unit

Inductors of the LCL-filter L1, L2 1.8 mH
Capacitor of the LCL-filter Cf 4.7 mF
Resistance of inductors R1, R2 0.02 W
Transformer leakage inductance (per phase) Lg 2 mH
Switching and sampling frequency fs, fsw 9.9 kHz
DC voltage Vdc 650 V
Nominal grid voltage (peak) vjn 325 V
Nominal grid frequency w0 2p� 50 rad/s
Nominal grid current amplitude ij 4.3 A
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To further evaluate the distribution of harmonics, a harmonic ratio is defined as:

Hf ðjÞ ¼
Pj

i¼0 MiP99
i¼0 Mi

(4.45)

where Mi is the magnitude of the i-th-order harmonic. The corresponding
harmonic ratio f (j) for the harmonic spectrum of ia shown in Figure 4.50(b) is
given in Figure 4.51(a), which indicates that over 85% of the harmonics are
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Figure 4.51 Harmonic analysis of the three-phase grid-connected inverter system
with a deadbeat current controller: (a) harmonic ratio hr(j) of the grid
current ia and (b) magnitude response of the LPFs, with fs ¼ 9.9 kHz
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located within a frequency range of 0~2.5 kHz. Therefore, the cut-off frequency
fcutoff of the LPF Q(z) for the CRC and Q2(z) for the OSHC should satisfy
fcutoff 
 2.5 kHz for the removal of most of the harmonics. Considering this, the
LPFs are designed as Q(z) ¼ 0.145z þ 0.71 þ 0.145z�1 and Q2(z) ¼ (0.075z þ
0.85 þ 0.075z�1)2, whose cut-off frequencies are 2.5 kHz and 2.6 kHz,
respectively.

In addition, according to Figure 4.50(b) and Figure 4.51(a), the ratios of all 6k-,
(6k � 1)-, (6k � 2)-, and (6k � 3)-order harmonics to the total harmonics are nearly
8.8%, 60.6%, 23.7%, and 6.9%. Subsequently, the OHC controller is employed to
suppress the harmonics optimally, and it can be given as [27]:

GOHCðzÞ ¼
X

m2Nm

GnmðzÞ ¼ G60ðzÞ þ G61ðzÞ þ G62ðzÞ þ G63ðzÞ (4.46)

with n ¼ 6. The corresponding control gains for the SHC modules G60(z), G61(z),
G62(z), and G63(z) are denoted as k0, k1, k2, and k3. Since the error convergence
rate at any harmonic frequency is proportional to its corresponding control gain,
k0, k1, k2 and k3 are weighted by their ratios in the total harmonics for a better
convergence rate. Thus, they satisfy k3 < k0 < k2 < k1. Furthermore, according to
the compatible stability criteria discussed in Chapter 3 for the OHC system, the
stability range of the control gain krc for the CRC system is 0< krc < 2 and that for
the OHC system is 0< k0 þ k1 þ k2 þ k3 < 2. For comparison, krc ¼ k0 þ k1 þ k2 þ
k3, and the designed control parameters are: krc ¼ 2, k0 ¼ 0.2, k1 ¼ 1.2, k2 ¼ 0.4,
and k3 ¼ 0.2.

Next, the CRC compensator with above-designed parameters is plugged
into the DB controller to improve the feed-in current quality of the three-phase
grid-connected inverter system. In contrast to the experimental results shown in
Figure 4.50, the experimental results of the steady-state responses of the DB plus
the CRC controlled inverter system shown in Figure 4.52 indicate that, the plug-in
CRC successfully reduced the THD of the feed-in current ia from 8.4% to 2.7% and
significantly suppressed the low-order major harmonics. Furthermore, for com-
parison, the OHC compensator with above design parameters is plugged into the
DB controller. The experimental results of the steady-state responses shown in
Figure 4.53 indicate that the plug-in OHC compensator also significantly mitigate
the low-order major harmonics and produce a good quality feed-in current but with
a little higher THD of 3.3%.

At last, in addition to the tests of the steady-state performance, more experi-
ments have been carried to test the dynamic performance of the two PC schemes in
the case of a step amplitude change of the feed-in current reference. It can be
observed from the experimental results shown in Figure 4.54 that the settling time
for the tracking current error eia(t) ¼ i*a(t) � ia(t) is about 130 ms when the CRC
scheme is adopted, while the settling time is about 70 ms when the OHC scheme is
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employed. The tests have verified that the dynamic response of the OHC can be
much faster (up to n/2 times) than that of the CRC.

All the experimental results demonstrate that both the CRC and the OHC can
enhance the DB control performance, and thus enable the grid-connected three-
phase inverter system to produce high-quality currents with low THDs. Moreover,
compared with the CRC, the OHC is able to effectively mitigate the power
harmonics but with a faster convergence rate. It confirms the effectiveness of the
PC harmonic compensators in grid-connected power converter applications.
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Figure 4.52 Steady-state response of the three-phase grid-connected inverter
system with a DB current controller plus a CRC compensator:
(a) phase voltages van, vbn [100 V/div], phase A current ia [5 A/div]
and tracking error eia ¼ i*a � ia [5 A/div], time [10 ms/div] and
(b) harmonic distribution of the grid current ia
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4.6.4 Conclusion
An IMP-based OHC method has been introduced to provide a tailor-made optimal
control solution to compensate power harmonics produced by power converters.
The OHC can take advantages of both the CRC and the MRSC: high accuracy due
to the removal of major harmonics, fast dynamic response due to parallel combi-
nation of optimally harmonic-weighted SHC modules, cost-effective and easy real-
time implementation due to the universal recursive SHC modules, and compatible
design. The application example of a three-phase grid-connected PWM inverter has
demonstrated the effectiveness and advantages of the OHC scheme in suppressing
the feed-in current harmonics.
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Figure 4.53 Steady-state response of the three-phase grid-connected inverter
system with a DB current controller plus a CRC compensator:
(a) phase voltages van, vbn [100 V/div], phase A current ia [5 A/div]
and tracking error eia ¼ i*a � ia [5 A/div], time [10 ms/div] and
(b) harmonic distribution of the grid current ia
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4.7 Summary

Six examples of periodic control (PC) of power converters have been demonstrated
in this chapter. Upon specific requirements, the developed PC solutions from the
IMP fundamental and advanced PC schemes presented in Chapters 2 and 3 can
provide a simple, accurate, fast, and robust control for power converters to com-
pensate periodic voltages or currents.
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Chapter 5

Frequency-adaptive periodic control

Abstract

Connecting power converters to the electrical networks has become a crucial issue
due to the fast-growing penetration of renewable energy sources and distributed
generation systems. In these practical applications, the frequency of the periodic
signals of interest is not constant always but slowly time-varying due to the
imbalance between the power generation and the load demand [21–23].

Both fundamental and advanced PC schemes [1–20] can achieve zero steady-
state error tracking of any periodic signal with a known period due to the introduc-
tion of high gains at the interested harmonic frequencies by embedding the
corresponding internal models. However, frequency variations will lead to mismatch
between their embedded nominal internal models and the actual periodic references/
disturbances, and will shift high gains away from the actual frequency of interest.
Thus these PC schemes will fail to accurately track the varying-frequency periodic
signals. It means that their internal models are sensitive to frequency variations.

Moreover, delay-based PC schemes in their digital forms, such as the digital
classic repetitive control (RC), discrete Fourier transform (DFT)-based RC, digital
selective harmonic control (SHC), and so on, even require that the period of the
references/disturbances can be represented as integer multiple of the sample time of
the digital control system. This means that the period of the interested periodic
signal should be an integer, but the period will not be an exact integer except by
chance. A varying frequency often induces fractional-period harmonics. Such
mismatches between the given integer period and actual fractional period will lead
these PC strategies to yield low gains at the interested harmonic frequencies and
thus produce poor tracking accuracy. For example, the grid frequency is usually
varying within a certain range (e.g., 49 Hz ~ 51 Hz) due to the generation-load
imbalance and/or continuously connecting and disconnecting of large generation
units. The PC schemes may fail to force grid-tied converters to feed good quality
power into the grid in the presence of a time-varying grid frequency. Therefore, it
calls for frequency-adaptive PC solutions that are able to self-tune the corre-
sponding internal model to match the external signal closely and then accurately
compensate the varying-frequency voltages and/or currents for good power quality
and also stable operation of the grid-connected systems. The performance of the PC
systems depends on how precise the match is between the PC signal generator
period and the actual signal period.



Addressing the above issues, this chapter explores the frequency-adaptive
internal model principle (IMP)-based PC strategies to compensate frequency-
varying harmonics. A direct frequency-adaptive resonant controller is investigated.
A fractional-delay filter-based internal model is introduced to provide a general
frequency-adaptive PC solution to the compensation of frequency-varying periodic
signals. The frequency sensitivity, design, and implementation methodology of
frequency-adaptive PC systems are discussed. Compatible synthesis methods for
plug-in frequency-adaptive PC schemes are also presented.

5.1 Frequency-adaptive fundamental periodic control

5.1.1 Resonant control (RSC)
A general form of the continuous-time resonant control (RSC) scheme at the har-
monic frequency of wh can be found in (2.29). In many practical applications, a
simplified RSC with fh ¼ 0 is employed, which can be expressed as [24–31]:

GhðsÞ ¼ kh
s

s2 þ w2
h

(5.1)

where kh is the control gain for tuning the error convergence rate at the resonance
frequency �wh, wh ¼ hw0 is the angular signal frequency with w0 being the fun-
damental angular signal frequency, and h [ N is the harmonic order. Since the RSC
GhðsÞ has poles at � jwh, it exhibits infinite gains at these harmonic frequencies.
The infinite gains will lead to zero tracking errors exclusively at � jwh if GhðsÞ is
included into the closed-loop system. From (5.1), it is obvious that, the resonant
frequency of the RSC is determined by wh. In many cases, if the interested har-
monic frequency is almost constant, the resonant frequency wh of the RSC in (5.1)
can be set simply as equivalent to the interested frequency without any frequency
measurement.

In order to compensate multiple selected harmonic frequencies simultaneously,
the MRSC scheme has been introduced as shown in (2.30). For convenience, it is
given again as [8,9]:

GMðsÞ ¼
X
h2Nh

GhðsÞ ¼
X
h2Nh

kh
s cos fh � wh sin fh

s2 þ w2
h

� �
(5.2)

where Nh represents the set of selected harmonic orders and fh is the phase-lead
angle for system delay compensation at the hth-order resonant frequency.

However, in practical applications, the harmonic frequency may be time-
varying. For instance, the grid frequency varies around its nominal value due to the
generation-load imbalance within a certain range (e.g., 49 Hz ~ 51 Hz for a 50-Hz
system). In that case, the actual fundamental frequency can be expressed as [32,56]:

ŵ0 ¼ w0 þ Dw (5.3)

where Dw is the frequency deviation.
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According to (5.1)–(5.3), the magnitude response of an individual RSC around
the harmonic frequency (i.e., s ¼ jhŵ0 ¼ jŵh) can be obtained as:

Ghð jhŵ0Þj j ¼ jkhhŵ0

�ðhŵ0Þ2 þ ðhw0Þ2

�����
����� ¼ kh

hw0

dþ 1

d2 þ 2d

����
���� (5.4)

where d ¼ Dw=w0. Equation (5.4) indicates that the gain of the RSC at the har-
monic frequency wh will not be infinite unless d ¼ 0 (i.e., Dw ¼ 0). The gain
reduction of the RSC components due to the frequency variation Dw is illustrated in
Figure 5.1, where it can be observed that even a small frequency variation of �0.2%
can result in a significant performance degradation of the RSC scheme (e.g., the
magnitude decreases from ? dB to around 30 dB for the ninth-order RSC).
It demonstrates that the RSC compensators are sensitive to frequency variations.

5.1.2 Direct frequency-adaptive RSC
If the interested harmonic frequency wh can be detected and updated in real time,
the RSC in (5.1) can always produce infinite gain at the harmonic frequency �wh.
The infinite gain will lead to zero tracking errors at the interested harmonic fre-
quency. Therefore, the frequency-adaptive RSC can be obtained to accurately
compensate the frequency-varying harmonics.

As shown in Figure 5.2, a frequency-adaptive RSC is formed by two inte-
grators, where a frequency detector (such as a phase-locked loop – PLL, which
estimates the grid frequency as ŵ0) should be employed to enable the RSC to
directly adapt to the varying frequency. To be differentiated from the conventional
RSC, the frequency-adaptive RSC is expressed as [33,34,56]:

GahðsÞ ¼ urscðsÞ
eðsÞ ¼ kh

s

s2 þ ŵ2
h

(5.5)
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Figure 5.1 Magnitudes of the RSC component GhðsÞ as a function
of the frequency variation Dw, where k3 ¼ 1000, k5 ¼ 800,
k7 ¼ 600, k9 ¼ 400
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where ŵh ¼ hŵ0 denotes the detected interested harmonic frequency and h being
the order of harmonics.

One discrete-time form of the frequency-adaptive RSC in (5.5), can be
derived as:

GahðzÞ ¼ khTs z�1 � z�2ð Þ
1 � 2 � ŵ2

hT2
s

� �
z�1 þ z�2

(5.6)

which is given in Figure 5.3.
Consequently, according to (5.2) and (5.5), the frequency-adaptive MRSC can

be written as [27–31]:

GaMðsÞ ¼
X
h2Nh

GahðsÞ ¼
X
h2Nh

kh
s cos fh � ŵh sin fh

s2 þ ŵ2
h

 !
(5.7)

where Nh represents the set of selected harmonic orders, and fh is the phase-lead
angle for system delay compensation at the resonance frequency �ŵh . The ana-
lysis and synthesis of the frequency-adaptive MRSC systems are the same as those
of the MRSC systems discussed in Section 2.2 in Chapter 2. It is clear that, the
frequency-adaptive MRSC can achieve satisfactory tracking performance: high
tracking accuracy, fast transient response, and good robustness by independently
choosing its gain kh and compensation phase fh at each selected harmonic fre-
quency, but also may consume heavy parallel computational burden and tuning
difficulty in the implementation of the frequency-adaptive MRSC.

The direct frequency-adaptive RSC [33] provides the simplest frequency-
adaptive periodic control solution to varying-frequency harmonics compensation.
Compared with the conventional RSC, the frequency-adaptive RSC scheme does
not consume any additional computation.

e(s) ursc(s)

( )2

kh
+

×
×

–
1/s

1/sω̂0
ω̂h ω̂h

2
h

Figure 5.2 Frequency-adaptive resonant controller in the continuous-time
domain
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Figure 5.3 Frequency-adaptive resonant controllers in the discrete-time
domain
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5.1.3 Delay-based classic repetitive control (CRC)
Unlike the RSC, the recursive form PC schemes, such as the classic repetitive
control (CRC) [1,2], parallel structure repetitive control (PSRC) [10,11], selective
harmonic control (SHC) [12], and optimal harmonic control (OHC) [13,14] are
implemented by including time-delays esT0 or esT0=n into the feedback loops, where
T0 ¼ 2p=w0 is the fundamental period of the periodic signal with w0 being the
angular frequency. For example, the CRC can be expressed as:

GrcðsÞ ¼ krc
QðsÞe�sT0

1 � QðsÞe�sT0
esTc ¼ krc

QðsÞe�2ps=w0

1 � QðsÞe�2ps=w0
esTc (5.8)

where krc is the control gain for tuning error convergence rate, Q(s) with
QðjwÞj j � 1 is usually a low-pass filter for selecting the interested harmonics for

compensation, and esTc with Tc being the compensation time is the phase-lead
compensator for the system delay compensation. In practical applications, krc, Q(s)
and esTc are employed to shape the RC system performance, such as system
robustness, dynamic response, etc.

In the same manner, the actual fundamental frequency can be expressed as
ŵ0 ¼ w0 þ Dw¼ w0 1 þ dð Þ, where Dw is the frequency deviation and d ¼ Dw=w0.
Using the Euler’s identity, the magnitude response of the CRC around the actual
harmonic frequency (i.e., s ¼ jhŵ0) can be obtained as [32,56]:

Grc jhŵ0ð Þj j ¼ krc
Qð jhŵ0Þe�2p jhŵ0ð Þ=w0

1 � Qð jhŵ0Þe�2p jhŵ0ð Þ=w0

����
���� ¼ krcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 � 2 cos 2phdð Þp ����
jQ jhŵ0ð Þj¼1

(5.9)

where the phase-lead compensator esTc has been ignored for simplicity. Equation
(5.9) implies that the CRC no longer approaches an infinite control gain at the
actual harmonic frequency when there is a frequency variation, i.e. d 6¼ 0.
Figure 5.4 further illustrates the effect of a frequency deviation on the harmonic
rejection ability of the CRC compensator, where a remarkable gain drop for the
third-order harmonic (e.g., the magnitude decreases from ? dB to 28.5 dB) occurs
due to a frequency change of d ¼ �0:2% (i.e., corresponding to a frequency var-
iation of �0.1 Hz in 50-Hz systems), and consequently, the rejection ability is
significantly degraded. Obviously, the CRC with a fixed time-delay T0 is sensitive
to frequency variations.

Furthermore, the PC schemes are commonly employed in their digital forms in
practical applications. In the discrete-time domain, the CRC can be expressed as:

GrcðzÞ ¼ krc
QðzÞz�N

1 � QðzÞz�N
Gf ðzÞ (5.10)

where the integer N ¼fs /f0 [ N with f0 being the fundamental harmonic frequency
and fs being the sampling rate, Gf (z) is the phase-lead compensator, and the filter
Q(z) with Qð jwÞj j � 1 is used to select the interested harmonics for compensation.
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It is clearly seen that the amplitudes of Grc(z) at frequencies 2pmf0 with m ¼ 0, 1,
2, . . . , M and M ¼ [N/2] approach infinity if Q(z) ¼ 1. That is to say, the CRC
provides zero steady-state error tracking of all harmonic components below the
Nyquist frequency if Q(z) ¼ 1 [2].

To ensure exact compensation of the interested harmonics, the CRC must have
an integer order N. The time delay element z�N with an integer order N is actually
corresponding to the time-delay e�sT0 in (2.3), and can be easily implemented in
practice. However, in the case of a time-varying fundamental frequency f, the order
N ¼ fs /f0 would often be fractional with a fixed sampling rate fs. It is impossible to
directly implement a time-delay element z�n if n is fractional. Hence, high control
gains of the CRC with an integer order N will be shifted away from the interested
harmonic frequencies in the presence of a time-varying frequency f. This means
that the digital CRC with an integer order N is sensitive to the change of the
fundamental harmonic frequency f.

In fact, due to the mismatch between the time delay length and the varying
period of harmonics, all the delay-based PC strategies, such as the CRC, PSRC,
SHC, and OHC, are sensitive to the harmonic frequency variations. In addition, the
digital DFT-based RC is sensitive to the harmonic frequency variations since it
assumes an integer order N of its polynomial that is also equal to the period of the
fundamental harmonic frequency. The DFT-based RC in (2.45) can actually be
treated as one kind of the time-delay-based PC schemes.

5.1.4 Frequency-adaptive CRC with a fixed sampling rate
The key to frequency-adaptive delay-based PC schemes is how to accurately pro-
duce required fractional delay for the internal models embedded in the PC.
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Figure 5.4 Magnitudes of the CRC GrcðsÞ as a function of the frequency variation
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Moreover, the implementation feasibility and complexity of the fractional delay
would also determine the success of these frequency-adaptive PC schemes.

If the time T0 in the delay element e�sT0 can be adjusted to track the actual
period of the fundamental frequency harmonics in real time, the continuous-time
CRC in (5.8) can always produce infinite gains at the interested harmonic fre-
quencies. Therefore, the frequency-adaptive CRC in the continuous-time domain
can be obtained to accurately compensate the frequency-varying harmonics.
However, it is not easy to implement variable delay elements in the continuous-
time domain. Moreover, the PC strategies are usually employed in their digital
forms in practical applications.

To enable the digital CRC to be frequency-adaptive, a variable sampling rate fs
[29,30] can be used to ensure a constant integer order N ¼ fs=f in the presence of a
time-varying frequency f. By keeping infinite gains at the interested harmonic
frequencies, a variable sampling rate based CRC [34–36,56] can always mitigate
the interested harmonics completely. Compared with the conventional CRC, the
frequency-adaptive CRC with a variable sampling rate will not make any differ-
ence in terms of performance, design, and system stability. However, a variable
sampling rate will significantly increase the real-time implementation complexity
of the control systems [37], such as online timer interrupt updates, online controller
redesign, and thus is not widely adopted in practical applications.

Owing to the implementation infeasibility of the delay z�N with a fractional
value N ¼ fs /f, a digital CRC with a fixed sampling rate fs cannot exactly com-
pensate the harmonics of a varying-frequency f. Nevertheless, the fractional digital
delay can be expressed as:

z�N ¼ z�Ni�F (5.11)

with Ni ¼ N½ � being the integer part of N and F ¼ N � Ni (0 � F < 1) being the
fractional part of N. To enable the CRC to be frequency-adaptive, it is the most
conventional and easiest way [38,39] to neglect the fractional delay z�F,
and replace the fractional delay z�N with the nearest integer delay z�Ni or z�ðNiþ1Þ

[38,39]. However, the harmonic rejection capability of such an integer-delay-based
CRC might decay due to the omittance of the fractional delay z�F, especially when
the sampling rate fs is low.

Fortunately, fractional delay (FD) filters with a fixed sampling rate provide a
systematical approach to accurate band-limited approximation [40–42] of the
fractional digital delay z�F. With the fractional digital delay z�F approximated by
FD filters, the CRC will become immune to frequency variations. Among various
FD filter design techniques, a traditional Lagrange interpolation method offers a
simple but efficient approach to fast coefficient update and continuous control
of the delay value. Using the Lagrange interpolation polynomial finite-impulse-
response (FIR) FD filter, the fractional digital delay z�F can be approximated as
[43–51,56]:

z�F �
Xn

k¼0

Akz�k (5.12)
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where k ¼ 0, 1, . . . , n, and the coefficient Ak can be obtained as:

Ak ¼
Yn

i¼0; i 6¼k

F � i

k � i
k; i ¼ 0; 1; . . .; n (5.13)

Specifically, if n ¼ 1 in (5.13), a linear interpolation polynomial z�F �
ð1 � FÞ þ Fz�1 will be obtained. Equations (5.12) and (5.13) indicate that a
Lagrange interpolation-based FIR FD filter only needs a small number of multi-
plications and additions for coefficient updates, and it is well suitable for fast online
tuning of the fractional delay value.

Substituting (5.11) and (5.12) into (5.10), a frequency-adaptive digital CRC
can be obtained as [33–36]:

GarcðzÞ ¼ krc

z�Ni
Pn
k¼0

Akz�k

� �
QðzÞ

1 � z�Ni
Pn
k¼0

Akz�k

� �
QðzÞ

Gf ðzÞ (5.14)

which can be structured as shown in Figure 5.5.
The frequency-adaptive CRC in (5.14) will become the CRC in (5.10) when

F ¼ 0. It provides a general way to track or eliminate any periodic signal with an
arbitrary fundamental frequency. According to the properties of the Lagrange
interpolation method, the approximation remainder term of the fractional delay can
be derived as (5.15):

Rn ¼ z�F �
Xn

k¼0

Akz�k ¼
x�F�n Qn�1

i¼0
ð�F � iÞ

ðn þ 1Þ!
Yn

i¼0

ðF � iÞ (5.15)

where x [ [Tk, Tkþ1] with Tk and Tkþ1 being the k-th and (k þ 1)-th sampling
instants, respectively. With an increase of the degree n, a more accurate but com-
plicated approximation can be acquired.
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Figure 5.5 Frequency-adaptive digital classic repetitive controller Garc(s)
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Figure 5.6 shows the magnitude responses of the Lagrange interpolation-based
FIR FD filter of (5.12) with the order n ¼ 1 and n ¼ 3 for various fractional F from
0 to 0.9. It is seen that the FD filter of (5.12) with the order n ¼ 3 gives a good
approximation of the fractional delay z�F at low frequencies within the bandwidth
of 75% of the Nyquist frequency, while a bandwidth of 50% of the Nyquist fre-
quency for the FD filter of order n ¼ 1. Within its pass band, the magnitude of the
Lagrange interpolation-based FD filter of (5.12) is very close to that of the frac-
tional delay z�F. Then, the FD filter-based frequency-adaptive CRC can exactly
compensate the fractional period signals within its bandwidth. Moreover, the
coefficient in (5.13) for the FD filter only consumes a small number of additions
and multiplications.

Besides the FIR FD filters, compact digital infinite-impulse-response (IIR)
filters can also be used to approximate the fractional delay with a smaller number
of multiplications than what the FIR FD filters do. Unfortunately, the design of an
IIR FD filter with the prescribed magnitude and phase response is much more
complicated. The design of a FIR filter is greatly eased by the fact that the filter
coefficients are equal to the samples of the filter impulse response so that (in full-
band approximation) the frequency-domain specifications can be turned into the
‘‘coefficient domain’’ by the inverse discrete-time Fourier transform. This is not
possible for the IIR filters. Another major disadvantage of a digital IIR filter is the
possible instability: updated coefficients may cause the poles of the digital IIR filter
to move out of the unit circle. Therefore, the IIR FD filters are not recommended to
be used in the construction of the fractional delay-based PC schemes.

Generally speaking, the Lagrange interpolation-based FIR FD filter offers an
attractive way to enable frequency-adaptive delay-based PC schemes (including the
CRC): easy explicit formulas for the coefficients, very accurate response at low
frequencies, and a smooth magnitude response. However, it should be pointed out
that such low-pass FD filters only provide satisfactory approximation of the
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fractional delay within its bandwidth. It implies that, at the high-frequency band,
such FD filter-based frequency-adaptive PC strategies may not perform as well as
what their corresponding conventional ones can do.

5.1.5 Frequency-adaptive CRC system and design
Figure 5.7 shows the typical closed-loop control system with a plug-in frequency-
adaptive digital CRC, where r(z) is the reference input, y(z) is the output, e(z) ¼
r(z) – y(z) is the tracking error, d(z) is the disturbance, Gp(z) is the plant, Gc(z) is the
conventional feedback controller, Gf(z) is a phase lead compensation filter to sta-
bilize the overall closed-loop system, and Q(z) ¼ a1z þ a0 þ a1z�1 with 2a1 þ a0 ¼ 1
is a low-pass filter to enhance the robustness of the system [34].

Before the plug-in frequency-adaptive CRC is employed, the transfer function
of the closed-loop system can be written as:

HðzÞ ¼ yðzÞ
rðzÞ ¼

GcðzÞGpðzÞ
1 þ GcðzÞGpðzÞ ¼ z�cBþðz�1ÞB�ðz�1Þ

Aðz�1Þ (5.16)

where c [R is the known delay steps of the system, Bþ(z�1) and B�(z�1) are the
cancelable and un-cancelable parts of the numerator, and A(z�1) ¼ 0 is the system
characteristic equation.

To achieve zero-phase compensation [1], the compensating filter Gf (z) can be
chosen as:

Gf ðzÞ ¼ zcAðz�1ÞB�ðz�1Þ
Bþðz�1Þb (5.17)

where b � max|B�(z�1)|2. The delay steps c can be determined by experiments in
practical applications. With the plug-in frequency-adaptive CRC in (5.11), the error
transfer function of the overall system can be derived as:

eðzÞ
rðzÞ � dðzÞ ¼

1 þ GcðzÞGpðzÞ
� ��1

1 � z�Ni
Pn
k¼0

Akz�k

� �� �

1 � z�Ni
Pn
k¼0

Akz�k

� �
QðzÞð1 � krGf ðzÞHðzÞÞ

(5.18)

r(z)
e(z)

Garc(z)

Gc(z) Gp(z)

d(z)

y(z)

Add-on

+ ++ + +
–

Figure 5.7 Plug-in (add-on) frequency-adaptive CRC system
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which indicates that the closed-loop frequency-adaptive CRC system will be
asymptotically stable if the following two conditions hold:

1. Roots of 1 þ GcðzÞGpðzÞ ¼ 0 are inside the unit circle.
2. Roots of 1 � z�Ni

Pn
k¼0 Akz�kQðzÞ 1 � krGf ðzÞHðzÞ� � ¼ 0 are inside the unit

circle, then

1 � krGf ðzÞHðzÞ� ��� ��< QðzÞj j�1
Xn

k¼0

Akz�k

�����
�����
�1

(5.19)

The above stability criteria for the frequency-adaptive CRC system is fully
compatible to that of the CRC system [58–61]: the stability condition is the same as
that for the CRC system; within the pass band of the FD filter in (5.12), whenPn

k¼0 Akz�k
�� ��! 1, the stability criterion of (5.19) for the frequency-adaptive CRC
system is almost equivalent to that for the CRC system. Furthermore, assuming that
the bandwidth of the FD filter in (5.12) is larger than the bandwidth of the low-pass
filter Q(z) in practical applications, the frequency-adaptive CRC in (5.14) would
be almost the same as that of the CRC in (5.10) due to QðzÞj j Pn

k¼0 Akz�k
�� ��! 1.

When Gf (z) in (5.17) is applied to achieve zero-phase compensation, the stability
range for the frequency-adaptive CRC gain will be 0 < kr < 2. It is clear that the
synthesis of the frequency-adaptive CRC system can be almost the same as that of
the well-known CRC system [58–61].

5.2 Frequency-adaptive advanced periodic control

5.2.1 Frequency adaptive parallel structure repetitive control
(PRSC)

The PSRC is also a time-delay based PC scheme. The digital PSRC can be
expressed as [10,11]:

Gpsrc zð Þ ¼
Xn�1

m¼0

kpm
e j 2pm=nð Þ � z�N=nQmðzÞ

1 � e j 2pm=nð Þ � z�N=nQmðzÞGf zð Þ
� 	

(5.20)

where N ¼ T0 /Ts [ N with Ts being the sampling period, Gf (z) is a phase-lead
compensator, and the filter Qm(z) often employs an FIR low-pass filter.

In (5.20), the time-delay element can be generally written as:

z�N=n ¼ z�Ni�F (5.21)

where Ni [ N is the integer part of N=n, and F is the fractional part of N=n that can
also take the Lagrange interpolation-based FD filter:

z�F �
Xn

k¼0

Akz�k ¼
Yn

i¼0
i 6¼k

F � i

k � i

0
BBB@

1
CCCAz�k (5.22)
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Substituting (5.21) and (5.22) into (5.20), a frequency-adaptive PSRC can be
given as [37]:

GapsrcðzÞ ¼
Xn�1

m¼0

kpm
e jð2pm=nÞ z�Ni z�Fð ÞQmðzÞ

1 � e jð2pm=nÞ z�Ni z�Fð ÞQmðzÞGf ðzÞ
� 	

¼
Xn�1

m¼0

kpm

e jð2pm=nÞ z�Ni
Pn
k¼0

Akz�k

� �
QmðzÞ

1 � e jð2pm=nÞ z�Ni
Pn
k¼0

Akz�k

� �
QmðzÞ

Gf ðzÞ

2
6664

3
7775 (5.23)

Figure 5.8 shows the implementation of the frequency-adaptive PSRC. The
plug-in frequency-adaptive PSRC system is given in Figure 5.9. Assuming that the
bandwidth of the FD filter in (5.22) is larger than the bandwidth of the low-pass
filter Q(z), the frequency-adaptive PSRC in (5.23) would be equivalent to the PSRC
in (5.20) due to QðzÞj j Pn

k¼0 Akz�k
�� ��! 1 within the bandwidth of Q(z). Under such

conditions, the design and synthesis of a frequency-adaptive PSRC system are the
same as those of the conventional PSRC system that are presented in Section 3.1 in
Chapter 3.
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5.2.2 Frequency-adaptive selective harmonic control (SHC)
Similarly, as shown in Figure 5.10, using the Lagrange interpolation-based FD
filter, the frequency-adaptive digital SHC can be written as [52]:

GasmðzÞ ¼
kmGf ðzÞ cosð2pm=nÞQðzÞ z�Ni

Pn
k¼0

Akz�k

� �
� Q2ðzÞ

� �

z�Ni
Pn
k¼0

Akz�k

� �2

� 2 cosð2pm=nÞQðzÞ z�Ni
Pn
k¼0

Akz�k

� �
þ Q2ðzÞ

(5.24)

where N ¼ T0/Ts [ N with Ts being the sampling period, Ni ¼ [N/n] [ N is the
integer part of N/n, and F is the fractional part of N/n. The FIR FD filter is:

Xn

k¼0

Akz�k ¼
Xn

k¼0

Yn

i¼0
i 6¼k

F � i

k � i

0
BBB@

1
CCCAz�k (5.25)

In practice, to simplify the design of frequency-adaptive digital SHC, a linear
phase-lead compensator Gf ðzÞ ¼ zc is usually employed in the SHC (5.24) instead
of the inverse transfer function of H(z) [58–61]; and an FIR low-pass filter
Q(z) ¼ a1z þ a0 þ a1z�1 with 2a1 þ a0 ¼ 1, a0 � 0 and a1 � 0 is also usually
employed. The implementation of the frequency-adaptive digital SHC with linear
phase-lead compensation is illustrated in Figure 5.11.

Similarly, when the bandwidth of the FD filter in (5.25) is larger than the
bandwidth of the low-pass filter Q(z), the frequency-adaptive SHC in (5.24) would
be equivalent to the conventional SHC in (3.29) due to QðzÞj j Pn

k¼0 Akz�k
�� ��! 1.

Under such conditions, the design and synthesis of the plug-in frequency-adaptive

fInput
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Figure 5.10 Frequency-adaptive digital selective harmonic controller
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SHC system shown in Figure 5.12 are the same as those of the conventional SHC
system that are presented in Section 3.2 in Chapter 3.

5.2.3 Frequency-adaptive optimal harmonic control (OHC)
From Section 3.3, a digital OHC scheme comprises paralleled digital SHC modules
tailored for the selected harmonics can be given as [52]:

GOHCðzÞ ¼
X

m2Nm

GsmðzÞ ¼
X

m2Nm

km
cosð2pm=nÞzN=nQðzÞ � Q2ðzÞ
 �

Gf ðzÞ
z2N=n � 2 cosð2pm=nÞzN=nQðzÞ þ Q2ðzÞ (5.26)

Likewise, substituting the frequency-adaptive SHC scheme of (5.24) into
(5.26), the frequency-adaptive digital OHC can be obtained as:

GaOHCðzÞ ¼
X

m2Nm

kmGf ðzÞ cosð2pm=nÞ zNi
Pn
k¼0

Akzk

� �
QðzÞ � Q2ðzÞ

� �

zNi
Pn
k¼0

Akzk

� �2

� 2 cosð2pm=nÞ zNi
Pn
k¼0

Akzk

� �
QðzÞ þ Q2ðzÞ

(5.27)
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Figure 5.11 Frequency-adaptive digital selective harmonic controller with a
linear phase-lead compensator zc
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Figure 5.12 Plug-in (add-on) frequency-adaptive digital selective harmonic
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where N ¼ T0/Ts [ N with Ts being the sampling period, Ni ¼ [N/n] [ N is the
integer part of N/n, and F is the fractional part of N/n. The FIR FD filter is:

Xn

k¼0

Akz�k ¼
Xn

k¼0

Yn

i¼0
i 6¼k

F � i

k � i

0
BBB@

1
CCCAz�k (5.28)

Likewise, when the bandwidth of the FD filter in (5.28) is larger than the
bandwidth of the low-pass filter Q(z), the frequency-adaptive OHC in (5.27)
would be almost the same as that of the conventional SHC in (3.38) due to
QðzÞj j Pn

k¼0 Akz�k
�� ��! 1. Under such conditions, the design and synthesis of the

plug-in frequency-adaptive OHC system shown in Figure 5.13 are the same as
those of the conventional OHC system that are presented in Section 3.3.

5.3 Frequency-adaptive discrete Fourier transform-based RC

As discussed in Chapter 2, any periodic signal can be decomposed into the sum-
mation of its harmonics. The DFT [35,36] can be adopted to flexibly construct the
digital internal models of all harmonic components of any interested periodic signal.
Based on the IMP, the closed-loop digital control system with these DFT-based
internal models being included, can achieve zero error tracking of the interested
periodic signal. Such a control method is named DFT-based RC [54].

From Section 2.3, as also shown in Figure 5.14, a DFT-based RC shown in
Figure 2.12 can be written as [53,54]:

GDFTðzÞ ¼ urcðzÞ
eðzÞ ¼ kFFDFTðzÞ

1 � FDFTðzÞz�Na
(5.29)

in which the integer N ¼fs /f [ N with f being the fundamental harmonic frequency
and fs being the sampling rate, kF is the control gain for tuning the dynamic
response, Na represents the number of leading steps for phase-lead compensation,
and the DFT-based FIR comb filter FDFT(z) can be given as [54]:

FDFTðzÞ ¼
X
h2Nh

FdhðzÞ ¼ 2
N

XN

i¼1

X
h2Nh

cos
2p
N

h iþNað Þ
� 	 !

z�i ¼
XN

i¼1

bhðiÞz�i

 !
zNa

(5.30)
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Figure 5.13 Plug-in (add-on) frequency-adaptive digital optimal harmonic
control system

Frequency-adaptive periodic control 167



and

FdhðzÞ ¼ 2
N

XN

i¼1

cos
2p
N

hði þ NaÞ
� �

z�i ¼
XN

i¼1

ahðiÞz�i

 !
zNa (5.31)

Obviously, from (5.30) and (5.31), it can be seen that it will take a large
amount of complex computations to calculate the coefficients bh(i). To facilitate
the real-time implementation of the comb filter FDFT(z) (and thus the DFT-based
RC), the coefficients bh(i) should be pre-calculated and stored in lookup tables in
advance. Figure 5.14 indicates that the implementation of the comb filter FDFT(z)
will further involve lots of multiplications and additions. The DFT-based RC is thus
suitable for the fixed-point DSP implementation.

It can be found in Figure 5.14 that, if the number of N ¼ fs /f0 change with the
fundamental frequency f of the interested periodic signal, it is infeasible to consume
a large amount of complex computations to online recalculate and update all the
coefficients bh(i) for the implementation of the DFT-based RC. Hence, it is not
feasible either to directly employ the simple and efficient Lagrange interpolation-
based FD method shown in Figure 5.5 to transform the DFT-based RC in (5.29)
into a frequency-adaptive DFT-based RC.

A variable sampling rate can enable delay-based digital PC (including the
DFT-based RC) to be frequency-adaptive [29,30], as aforementioned. With a
variable sampling rate fs, N ¼fs /f can maintain a constant integer in the presence of
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Figure 5.14 Implementation of the DFT-based RC
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a varying frequency f. Since the unit delay z�1 with a variable sampling rate
actually is a variable fractional delay element, it can be used to form any expected
fractional delay. Therefore, without online updating coefficients, the delay-based
digital PC schemes with a variable sampling rate are frequency-adaptive despite
having other implementation complexity.

Hereinafter, a new method named virtual unit delay is introduced to enable the
DFT-based RC with a fixed sampling rate to be frequency-adaptive. It combines
the advantages of both the Lagrange interpolation FD-filter-based frequency-
adaptive PC and the variable-sampling-rate-based frequency-adaptive RC.

In the presence of a varying frequency f with a fixed sampling rate fs, the
actual value NF ¼ fs /f0 would be fractional, and can be written as:

NF ¼ N þ F ¼ N 1 þ F

N

� �
¼ N 1 þ FNð Þ (5.32)

where F with | F | 	 N is the difference between actual value NF and the
nominal integer number N (N ¼ fs /f0 with f0 being the nominal frequency), and
|FN | ¼ | F/N | 	 1. Thus, with a fixed sampling rate, the comb filter FDFT(z) in
(5.30) can be mathematically written as:

FDFTðzÞ ¼
X
h2Nh

FdhðzÞ ¼ 2
N þ F

XNþF

i¼1

X
h2Nh

cos
2p

N þ F
h i þ Nað Þ

� 	 !
z�i (5.33)

When F is fractional, it is impossible to online calculate the coefficients at the
right side of (5.33). This implies that the DFT-based RC in (5.29) with a fixed
sampling rate is sensitive to frequency variations.

Imaging that, a virtual variable sampling rate fv enables NF ¼ fv / f0 to always
maintain its nominal integer value N in the presence of a varying frequency f, the
comb filter FDFT(z) in (5.33) can then be rewritten as:

FDFTðzvÞ ¼ 2
N

XN

i¼1

X
h2Nh

cos
2p
N

h i þ Nað Þ
� 	 !

z�i
v ¼

XN

i¼1

bhðiÞzv
�i

 !
zNa

v (5.34)

where the virtual unit delay z�1
v is a fractional delay [35,57], that can be written as:

z�1
v ¼ z� 1þFNð Þ (5.35)

Also employing the Lagrange interpolation method, the fractional delay z�FN

in (5.35) can be well approximated by a linear interpolation (i.e., the Lagrange
interpolation with order n ¼ 1) based FIR FD filter as [40]:

z�1
v ¼ z� 1þFNð Þ � FNj jz0 þ 1 � FNj jð Þz�1 �1 < FN < 0

1 � FNj jð Þz�1 þ FNj jz�2 0 � FN < 1

(
(5.36)

Frequency-adaptive periodic control 169



Therefore, substituting (5.36) into (5.34), a frequency-adaptive DFT-based
comb filter FaDFT(z) with a fixed sampling rate can be obtained as:

FaDFTðzvÞ ¼ 2
N

XN

i¼1

X
h2Nh

cos
2p
N

h i þ Nað Þ
� 	 !

z�i
v ¼

XN

i¼1

bhðiÞzv
�i

 !
zNa

v (5.37)

The frequency-adaptive DFT-based comb filter FaDFT(z) in (5.37) with a fixed
sampling rate is approximately equivalent to a frequency-adaptive DFT-based
comb filter FDFT(z) in (5.30) with a variable sampling rate. Figure 5.15 illustrates
the implementation of the frequency-adaptive comb filter FaDFT(z). Compared with
the comb filter FDFT(z) in (5.30), the frequency-adaptive comb filter FaDFT(z) in
(5.37) will add 2N multiplications, N additions, and N unit delays in its imple-
mentation. By replacing FDFT(z) with FaDFT(z) in (5.29), a frequency-adaptive
DFT-based RC can be obtained as:

GaDFTðzÞ ¼ uFðzÞ
eðzÞ ¼ kFFaDFTðzÞ

1 � FaDFTðzÞz�Na
v

(5.38)

The major benefits of such a virtual unit delay method include: the coefficients
bh(i) of the frequency-adaptive filter FaDFT(z) are the same as those of the con-
ventional filter FDFT(z). This means that all coefficients bh(i) can be calculated
offline and do not need to be updated online.

As shown in Figure 5.16, the smaller the fractional value FN is, the closer the
FD filter in (5.36) approximates the expected fractional delay. That is to say,
the frequency-adaptive DFT-based RC in (5.38) is suitable for compensating
harmonics with a very small frequency variation range (e.g., | f�f0| / f0 � 1%) [55].
Higher sampling rates would lead to a better compensation accuracy.
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It should be pointed out that such a virtual unit delay z�1
v can also be employed

to develop the frequency-adaptive CRC, PSRC, SHC, and OHC, but at the same
time it will significantly increase the computational burden and needs more
memory elements in implementation. Nevertheless, Figure 5.17 exemplifies a plug-
in virtual unit delay-based frequency-adaptive DFT-RC system.

For the plug-in frequency-adaptive DFT-based RC system shown in
Figure 5.17, likewise, when the FIR FD filter in (5.36) accurately approximates the
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Figure 5.17 Plug-in (add-on) frequency-adaptive digital DFT-based RC system
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fractional delay z�1
v , the frequency-adaptive DFT-based RC in (5.38) would be

equivalent to the conventional DFT-based RC in (5.29). Under such conditions, the
design and synthesis of the plug-in frequency-adaptive DFT-based RC system
shown in Figure 5.17 are the same as those of the DFT-based system that is pre-
sented in Section 3.4. It should be noted that the DFT-based RC is only suitable for
fixed-point DSP implementation due to its large amount of computation.

It should also be pointed out that, unlike the unit delay with a variable sam-
pling rate, the virtual unit delay with a fixed sampling rate can only be used
to approximate a fractional delay within a very limited frequency range
(e.g., | f�f0| / f0 � 1%), as shown in Figure 5.16). Like the previous FD-filter-based
frequency-adaptive PC schemes, at high frequency bands, the virtual unit delay-
based frequency-adaptive PC schemes cannot perform as well as what the corre-
sponding conventional one can do. They demand a large amount of additional
computation in their implementation.

5.4 Fractional-order phase-lead compensator

Most modern control systems are employed in their digital forms with a fixed
sampling rate in practical applications. Now it is well known that, due to the fre-
quency sensitivity of the delay, integer-delay-based PC schemes with a fixed
sampling rate may be significantly degraded in terms of control accuracy in the
presence of frequency variations for references and/or disturbances. Fractional
delays will enable the periodic controllers to become frequency-adaptive.

Likewise, the delay-based linear phase-lead compensator for the delay-based
PC systems is also sensitive to the frequency variation and the ratio of the sampling
frequency to the periodic signal frequency. Fractional order implementation will
enable periodic control systems to achieve better performance against frequency
variations and/or the sampling ratio, such as high accuracy, large stability range,
and fast dynamic response.

A phase-lead compensator Gf (z) for the plug-in CRC in Figure 5.18 can be
used to improve the system stability by providing phase lead to cancel out the phase
lag of the closed-loop system [20]. In practice, to simplify the system design and
implementation, a linear phase-lead compensator of Gf (z) ¼ zc is often adopted
in the CRC, where c is an integer-phase-lead step. For a reference signal with
the frequency of f, the phase-lead compensator zc produces a phase lead f¼ c 

( f /fs) 
 360� in the frequency domain and a time lead td ¼ c 
 (1/ fs) in the time
domain, where fs represents the sampling frequency, to compensate the system
phase lag. The phase compensation resolution of zc is ( f /fs) 
 360�. Obviously,

urc(z)zcQ(z)z–Nkrce(z) +
+

Figure 5.18 Classic repetitive controller with a linear phase-lead compensator
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a lower sampling frequency fs or a higher reference signal frequency f will lead to a
lower phase compensation resolution.

Linear phase-lead compensation Gf (z) ¼ zc [17,18] is an effective way to
improve the CRC performance. It is clear that a lower ratio of f /fs could lead to
higher compensation resolution and zc can generate more accurate phase-lead
compensation. However, it cannot provide satisfactory compensation accuracy with
a low compensation resolution in the case of high ratio of f /fs, such as onboard
AC power supplies with 400 Hz reference signals on ships and aircrafts [62],
high power low switching frequency (sampling frequency) grid converters for wind
power and PV generation [63], wide frequency range programmable AC power
supplies for grid simulators [47], and multirate repetitive control [64] with a
reduced sampling frequency fm ¼ fN /m and m ¼ 2, 3, . . . . Imprecise phase lead may
degrade control performance or even make the RC systems unstable.

To offer accurate phase compensation, a fractional-order phase-lead compen-
sator is developed as [65]:

Gf ðzÞ ¼ zg ¼ zniþF (5.39)

where g [ R
þ is the fractional lead step, ni ¼ g½ � is the integer part, and F is its

fractional part.
The fractional-order phase-lead compensator can be approximated by a first-

order Lagrange interpolation polynomial FIR filter as:

Gf ðzÞ ¼ zg ¼ zniþF � ð1 � FÞzni þ Fzniþ1 (5.40)

Such a fractional-order lead step g will produce a linear phase lead:

f ¼ g
 f

fs

 360� (5.41)

Therefore, the fractional-order phase-lead compensator of (5.40) offers more
accurate phase compensation than what the phase-lead compensator Gf (z) ¼ zc with
an integer step c does.

Like (2.23) for the integer-order phase-lead compensation CRC system, the
corresponding stability criterion for the fractional-order one can be derived as:

1 � krczgHðzÞð ÞQðzÞj j < 1; for z ¼ e jw with w <
p
Ts

(5.42)

where

HðzÞ ¼ GcðzÞGpðzÞ
1 þ GcðzÞGpðzÞ ¼ Hðe jwÞ�� ��e jqH ðwÞ; for z ¼ e jw with w <

p
Ts

Following the same frequency-domain analysis approach in Section 2.1, (5.42)
becomes:

k2
rc <

1 � QðejwÞj j2
Hðe jwÞj j2 Qðe jwÞj j2 þ

2krc cosðqH þ gwÞ
Hðe jwÞj j (5.43)

Frequency-adaptive periodic control 173



If 2kp� p
2
< qH þ gw < 2kpþ p

2
; k ¼ 0; 1; 2; . . ., then

0 < krc <
2 cos ðqH þ gwÞ

Hðe jwÞj j (5.44)

which will sufficiently enable the CRC system to be asymptotically stable;

if 2kpþ p
2
< qH þ gw < 2kpþ 3p

2
; k ¼ 0; 1; 2; . . ., then

2 cos ðqH þ gwÞ
Hðe jwÞj j < krc < 0 (5.45)

which will enable the closed-loop CRC system to be asymptotically stable.
It should be pointed out that both the integer-order CRC and the frequency-

adaptive RC can adopt the fractional-order linear phase-lead compensator to further
improve their system stability and dynamic responses. Moreover, the fractional-
order linear phase-lead compensator provides a universal phase-lead compensation
method to PC schemes, e.g., the SHC and the PSRC.

5.5 Summary

To efficiently mitigate varying frequency harmonics, frequency-adaptive PC
schemes with a fixed sampling rate have been comprehensively investigated: direct
frequency adaption method for the RSC, the Lagrange interpolation-based FIR FD
filter for delay-based PC strategies (such as the CRC, PSRC, SHC, and OHC), and
the virtual variable sampling rate (i.e., virtual unit delay) FIR FD filter for the DFT-
based RC. Frequency sensitivity, design, and implementation methodology of the
frequency-adaptive PC schemes have been explored. Also, compatible synthesis
methods for plug-in frequency-adaptive PC systems have been presented in this
chapter. In addition, the FIR FD filter is used to create fractional-order phase-lead
compensation for PC schemes.

The main features of the three frequency-adaptive methods for the PC schemes
in this chapter are listed as follows:

1. Direct frequency adaption method –
● Suitable for the RSC.
● Simple. It does not almost bring any added computations.
● Stability criteria and system design rules-of-thumb for the frequency-

adaptive RSC systems are the same as those for the conventional RSC
systems.

2. Lagrange interpolation-based FIR FD filter
● Suitable for time-delay-based PC schemes.
● Easy for implementation and online tuning.
● Light computation. It only brings a few added computations.
● Stability criteria and system design rules-of-thumb for the frequency-

adaptive PC systems are compatible to those for the corresponding PC
systems.
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3. Virtual variable sampling rate FIR FD filter
● Suitable for both DFT-based RC and time-delay-based PC systems.
● Stability criteria and system design rules-of-thumb for the frequency-

adaptive DFT-based RC systems are compatible to those for the conven-
tional DFT-based RC systems.

● Increased computational burden is proportional to the ratio of the sampling
rate to the periodic signal frequency.

● Suitable for fixed-point DSP implementation.

4. Fractional-order phase-lead compensation
● A universal phase-lead compensation method for PC schemes, e.g. the

CRC, SHC, PSRC, etc., in the presence of frequency variations and/or a
low ratio of sampling frequency to signal frequency.

It should be pointed out that the FIR FD-filter-based frequency-adaptive digital PC
schemes are mainly used to compensate harmonics within a small range of fre-
quency variation (e.g., less than 1% of the nominal frequency) due to the bandwidth
limitation of the low-pass FD filter.
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Chapter 6

Frequency-adaptive periodic control
of power converters

Abstract

This chapter will give three application examples of frequency-adaptive periodic
control (FAPC) of power converters under frequency variations, which include voltage
control for programmable AC power sources, current control for grid-connected pho-
tovoltaic (PV) inverters, and current harmonics compensation for shunt active filters.

6.1 Frequency-adaptive periodic control (FAPC)
of programmable AC power sources

6.1.1 Background
Programmable AC power sources that are capable of simulating a number of vol-
tage waveforms with various amplitudes and frequencies, e.g., user-programmable
sine, square, or harmonic waveforms, are widely used in automatic testing equip-
ment and bench-top applications, such as 400-Hz avionics and shipboard system
testing, 50-Hz and 60-Hz electrical network simulations. Advanced control tech-
nologies are needed to enable high-performance programmable AC power sources
to accurately synthesize sine/cosine or harmonic-distorted signals under various
loading conditions [1]. Conventional feedback control schemes, such as proportional–
integral–derivative (PID) control, proportional-resonant (PR) control, deadbeat
(DB) control, and sliding mode control [2–5], often fail to force pulse-width
modulation (PWM) inverter to produce high-quality sinusoidal outputs under
nonlinear rectifier loads and/or parameter uncertainties. Plenty of applications
demonstrate that the internal model principle (IMP)-based classic periodic con-
trollers [6–18] can achieve zero steady-state error tracking of any periodic signal
with a known period. Since the frequency of the reference signal for AC program-
mable power supplies can be set within a wide range, the conventional digital
repetitive control (RC) scheme cannot exactly track or reject the references/
disturbances with a varying frequency, and may lead to significant performance
degradation. To address this issue, a frequency-adaptive classic repetitive control
(FACRC) strategy with a fixed sampling rate can be employed to enable program-
mable AC power sources to precisely produce various variable-frequency variable-
magnitude periodic output voltage waveforms under various loading conditions.



6.1.2 Modeling and control of three-phase PWM inverters
Figure 6.1 shows a three-phase voltage source PWM inverter for the programmable
AC power source, where vab, vbc, and vca are the output line-to-line voltages, iLa,
iLb, and iLc are the inductor currents of each phase, vdc is the DC bus voltage, L, Lr,
C, Cr, and R, Rr are the nominal values of filter inductors, filter capacitors, and load
resistors. The inverter is used to accurately generate clean sinusoidal or harmonic-
distorted voltages under various load conditions. To fulfill the requirements, a state
feedback plus plug-in FACRC scheme is employed to achieve zero steady-state
tracking error with good dynamics.

The three-phase inverter with a linear resistive load R shown in Figure 6.1 can
be described by the following equation in the stationary ab frame [6,7]:
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where va, vb, ia, ib are the output voltages and inductor currents in the ab frame,
and ua, ub are the corresponding control vectors with vab¼ [va vb], iab¼ [ia ib],
and uab¼ [ua ub]. Equation (6.1) can be treated as two identical independent
subsystems. The sampled-data model for each subsystem in (6.1) with fs being the
sampling frequency can be approximated as [6,7]:
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¼ j11 j12
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Figure 6.1 Frequency-adaptive classic repetitive control (FACRC) system in a
three-phase PWM inverter
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where v ¼ va or vb, i ¼ ia or ib, u ¼ ua or ub, and the coefficients are

j11 ¼ 1 � 1=ðRCfsÞ þ 1=ð2R2C2f 2
s Þ � 1=ð6LCf 2

s Þ;
j22 ¼ 1 � 1=ð6LCfs

2Þ;
j12 ¼ 1=ð3CfsÞ � 1=ð6RC2f 2

s Þ;
j21 ¼ �1=ðLfsÞ þ 1=ð2RLCfs

2Þ;
g1 ¼ vdc=ð6LCfs

2Þ; and g2 ¼ vdc=ðLfsÞ:
In order to force the output voltage v to track the reference signal v� under

various load conditions, a state feedback controller is chosen as follows:

u ¼ �ðk1v þ k2iÞ þ kv� (6.3)

where v� is the reference voltage. With this feedback controller, (6.2) can be
rewritten as:

vðk þ 1Þ
iðk þ 1Þ
� �

¼ j11 � g1k1 j12 � g1k2

j21 � g2k1 j22 � g2k2

� �
vðkÞ
iðkÞ
� �

þ g1k
g2k

� �
v�ðkÞ (6.4)

The poles of the closed-loop system (6.4) can be arbitrarily assigned by
adjusting the feedback gains k1 and k2. From (6.4) the closed-loop transfer function
from v� to v with the nominal parameters can be written as [6,7]:

HðzÞ ¼ m1z þ m2

z2 þ p1z þ p2
(6.5)

with

p1 ¼ � j22 � g2k2ð Þ � j11 � g1k1ð Þ;
p2 ¼ j11 � g1k1ð Þ j22 � g2k2ð Þ � j12 � g1k2ð Þ j21 � g2k1ð Þ;
m1 ¼ g1k; and m2 ¼ g2k � g1k j22 � g2k2ð Þ:

In order to control the periodic signals with frequency variations, a FACRC
Garc(z) is plugged into the state feedback control system as [19]:

GarcðzÞ ¼ krc
z�ðNiþFÞ� �

QðzÞ
1 � z�ðNiþFÞð ÞQðzÞGf ðzÞ (6.6)

where krc is the control gain, Q(z) is a low pass filter (LPF), Gf ðzÞ ¼ zc is a linear
phase-lead filter with the phase-lead step c [ N being determined by experiments
[19–21], and z�F is a Lagrange interpolation-based fractional delay (FD) filter that
can be written as [19,22]:

z�F ¼
Xn

k¼0

Akz�k ¼
Xn

k¼0

Yn

i¼0
i 6¼k

F � i

k � i
z�k k; i ¼ 0; 1; . . .; n (6.7)

with F being the fractional part of the fractional number of N ¼ fs / f ¼ Ni þ F, fs
being the sampling frequency and f being the fundamental frequency of the output
signals.
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6.1.3 Experimental validation
A dSPACE DS1104-based three-phase PWM inverter system has been built up to
verify the effectiveness of the FACRC, and the experimental setup is shown in
Figure 6.2. System parameters are listed in Table 6.1, where the bandwidth of the
output LC filter being 1470 Hz allows the inverter to efficiently produce output
voltages of a fundamental frequency less than 750 Hz.

With these parameters shown in Table 6.1, a state feedback controller with
k1 ¼ 0.0087, k2 ¼ 0.0495, and k ¼ 0.0169 is chosen as [19]:

uðkÞ ¼ �ð0:0087vðkÞ þ 0:00495iðkÞÞ þ 0:0169v�ðkÞ (6.8)

Then, a DB controller is adopted, and its transfer function for the closed-loop
system is obtained as:

HðzÞ ¼ z þ 0:8336
z2 þ 0:8336z þ 0

¼ 1
z

(6.9)

For the FACRC in (6.6), n ¼ 3 is chosen to be the Lagrange polynomial
degree, leading to:

z�N ¼ z�Ni�F ¼ z�Ni A0 þ A1z�1 þ A2z�2 þ A3z�3
� �

(6.10)

ControlDesk
Inverter & rectifier

Measurements

Figure 6.2 Experimental setup of a three-phase inverter system

Table 6.1 System parameters of a three-phase inverter system

Parameters Value Unit

DC-link voltage Vdc 312 V
Inductor filter L 1.875 mH
Capacitor filter C 18.7 mF
Linear resistive load R 30 W
Rectifier inductor Lr 1 mH
Rectifier capacitor Cr 4400 mF
Rectifier resistor Rr 30 W
PWM switching frequency 10 kHz
Sampling frequency 10 kHz
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As shown in Figure 6.3(a), the bandwidth of the FD filter z�F in (6.10) is about
0.75fs/2 ¼ 3.75 kHz. For the FACRC, Q(z) ¼ 0.1z þ 0.8 þ 0.1z�1 results in the cut-
off frequency being 0.66fs /2 ¼ 3.3 kHz, as shown in Figure 6.3(b), and Gf (z) ¼ z6 is
selected in this case study. Since the bandwidth of the FD filter is larger than the
bandwidth of the LPF Q(z), the FACRC in (6.6) will be almost the same as the CRC
in (2.5) within the bandwidth of the LPF Q(z) due to QðzÞj j Pn

k¼0 Akz�k
�� ��! 1.

Under such conditions, the design and synthesis of the FACRC system are the same
as those of the CRC system that have been presented in Chapter 2. A CRC scheme
with identical parameters is also developed for the inverter system for comparison.

Figure 6.4 shows that the CRC with a fixed sampling rate successfully enables
the inverter to produce high-quality 50 Hz 104 V (peak) and 400 Hz 52 V (peak)
sinusoidal line voltages under a rectifier load as shown in Figure 6.1 in the case
of an integer period N ¼ 200 and N ¼ 25, respectively. Note that the FACRC of an
integer order N is the same as the CRC.

However, in the case of a noninteger period N, the performance of the CRC
will be degraded. Figure 6.5(a) shows that the output voltages of the CRC-
controlled PWM inverter system (with N ¼ 217 being rounded from 217.4) under a
rectifier load contain considerable harmonic distortions in the case of a fractional
period N ¼ 217.4 and reference sinusoidal voltages of 46 Hz 104 V (peak).
Figure 6.5(b) shows the output voltages of the FACRC-controlled PWM inverter
system under the same rectifier load that produces high-quality sinusoidal voltages
in the case of the fractional period N ¼ 217.4 and the reference sinusoidal voltage
of 46 Hz 104 V (peak).

Furthermore, Figure 6.6(a) shows the steady-state responses of the CRC-
controlled inverter (with N ¼ 26) with a reference sinusoidal voltage of 390 Hz
52 V (peak) under the rectifier load with its parameters listed in Table 6.1, where
the amplitude of the output voltage is much less than that of the reference signal,
due to the difference between the given integer period of N ¼ 26 for the CRC and
the actual fractional period of N ¼ 25.6 of the output voltage. For comparison, the
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(b) the low-pass filter Q(z)
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FACRC is applied to the inverter system. Figure 6.6(b) shows the steady-state
responses of the FACRC-controlled inverter with the reference sinusoidal voltage
of 390 Hz 52 V (peak) under the same rectifier load, where the output voltages are
high-quality sinusoidal voltages with the desired amplitude and frequency.

In addition, Table 6.2 summarizes the experimental results with the nonlinear
rectifier load shown in Figures 6.4–6.6, and also with a linear resistor load. The results
in Table 6.2 further confirm that the inverter system with the FACRC can accurately
track the reference sinusoidal voltages under various loading conditions and frac-
tional periods, but the CRC may fail to do so in the case of noninteger periods.

When considering harmonics in the reference v� ¼ 104�sin(46 � 2pt) þ 10.4�sin
(5� 46 � 2pt) þ 10.4�sin(7 � 46 � 2pt), i.e., a sinusoidal voltage of 46 Hz funda-
mental frequency with 10% fifth- and seventh-order harmonics, Figure 6.7(a) shows
the steady-state responses of the CRC-controlled inverter (N is rounded to 217)
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Figure 6.5 Steady-state responses of the three-phase inverter system under a
nonlinear load at the reference frequency of 46 Hz using (a) the CRC
(N ¼ 217) and (b) the FACRC (N ¼ 217.4)
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186 Periodic control of power electronic converters



under the rectifier load with the harmonic-distorted reference voltage v�, and
Figure 6.7(b) shows the steady-state responses of the inverter system under the
same condition with the FACRC scheme. Table 6.3 lists the experimental results
shown in Figure 6.7. The results in Figure 6.7 and Table 6.3 indicate that the
FACRC-controlled inverter can accurately synthesize the user-defined harmonic-
distorted waveforms under the rectifier load, but the CRC fails to accurately track
the reference with harmonic components, especially the seventh-order harmonic.

At last, dynamic tests of the FACRC-controlled inverter system with a refer-
ence sinusoidal voltage of 46 Hz 104 V (peak) have been conducted under sudden
step-change loads. It can be seen in Figure 6.8 that the output voltage recovers from
the sudden step-change loads within about five fundamental cycles. Obviously, the
FACRC-controlled inverter system offers good performance in terms of fast
dynamic responses.
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Figure 6.6 Steady-state responses of the three-phase inverter system under a
nonlinear load at the reference frequency of 390 Hz using (a) the CRC
(N ¼ 26) and (b) the FACRC (N ¼ 25.6)

Table 6.2 Performance of the three-phase inverter system with the CRC
or the FACRC under different fundamental frequencies and
loading conditions

Fundamental
frequency (Hz)

Control scheme Tracking error
(RMS) (V)

Total harmonic
distortion (%)

Linear
load

Nonlinear
load

Linear
load

Nonlinear
load

50 CRC (N ¼ 200) 0.813 1.733 1.258 1.482
46 FACRC (N ¼ 217.4) 0.934 1.916 1.393 1.560
46 CRC (N ¼ 217) 2.871 6.591 2.243 8.133
400 CRC (N ¼ 25) 1.510 1.631 0.702 0.707
390 FACRC (N ¼ 25.6) 1.214 1.751 0.614 0.762
390 CRC (N ¼ 26) 10.191 11.980 1.061 1.308
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6.1.4 Conclusion
The experimental case study of the FACRC-controlled three-phase PWM inverter
for programmable AC power sources has been provided in this section. Experi-
mental results indicate that the FACRC enables programmable AC power sources
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Figure 6.7 Synthesis of the user-composed harmonic-distorted waveform of a
46-Hz sinusoidal voltage with 10% fifth- and seventh-order harmonics
using: (a) the CRC and (b) the FACRC

Table 6.3 Synthesis of the user-composed harmonic-distorted waveforms with the
three-phase inverter systems under different control schemes

Fundamental
frequency (Hz)

Control scheme Harmonic (% of fund.)

Fund. 5th 7th

46 FACRC (N ¼ 217.4) 100.46 9.829 9.820
46 CRC (N ¼ 217) 104.16 10.617 5.443
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Figure 6.8 Dynamic performance of the FACRC-controlled inverter system under
step-change loads: (a) from full load to no load and (b) from no load
to full load
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to precisely produce various variable-frequency variable-magnitude periodical
output voltages under various loading conditions.

Compared with the CRC, the FACRC scheme with a fixed sampling rate can
exactly track or eliminate any periodic signal with a variable frequency. Using the
Lagrange interpolation-based fractional delay filter to approximate the factional
period of varying frequency references, the FACRC offers fast on-line tuning of the
fractional delay and the fast update of the coefficients, and then provides a simple
but high-performance control solution to high-switching frequency converters.
Furthermore, the FACRC can be used in extensive applications, such as the current
control of grid-connected converters [23–29].

6.2 FAPC of grid-connected PV inverters

6.2.1 Background
Severe power quality (PQ) problems have been brought by an increase of power
electronics-interfaced renewable energy systems, e.g., PV systems and wind
turbine systems [30–35]. For grid-connected PV inverter systems, the current
distortion level is one important PQ index [34,36]. For instance, it is stated in both
the IEEE Std. 1547–2003 and the IEC Standard 61727 that the total harmonic
distortion (THD) of the grid current should be lower than 5% to avoid adverse
effects on other equipment that is connected to the grid [36]. Moreover, for each
individual odd harmonic from third to ninth, the limitation is 4% and at the same
time the even harmonics are limited to 25% of the odd harmonic limits.

In practice, power harmonics caused by power converters interfaced loads and
distributed generators usually concentrate on some particular frequencies [37,38].
For instance, single-phase H-bridge converters mainly produce (4k � 1)-order (k ¼
1, 2, . . .) power harmonics; n-pulse (n ¼ 6, 12, . . .) converter-based high-voltage
direct current (HVDC) transmission systems mainly produce (nk � 1)-order (k ¼ 1,
2, . . .) power harmonics. To deal with power harmonics issues, power converters
demand optimal control strategies, which can compensate power harmonics with
high control accuracy while maintaining fast dynamic response, guaranteeing
robustness, and being feasible for implementation [17,39–44]. Taking the harmonic
distribution into consideration, a tailor-made IMP-based optimal harmonic control
(OHC) scheme has been introduced to mitigate the power harmonics in [17], and it
is further illustrated in Figure 6.9. The OHC scheme includes multiple parallel
ðnk � mÞ-order harmonic RC [14] with independent control gains, a good trade-off
among control accuracy, dynamic response, and implementation complexity can be
achieved. However, for grid-connected applications, the OHC scheme is sensitive
to grid frequency variations due to the mismatch between their embedded integer-
period-based internal models and fractional-period grid signals [26,45]. In the case
of a time-varying grid frequency, the tracking accuracy of the OHC scheme will be
degraded. It means that the OHC scheme cannot accurately compensate current
harmonic distortions for grid-connected converters in the case of grid frequency
variations.
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Similar to the FACRC, FD filters can also be employed to enable the OHC
to be frequency-adaptive. As a case study in this section, a frequency-adaptive
optimal harmonic control (FA-OHC) strategy based on the FD filters will be
developed for grid-connected PV inverters to feed sinusoidal currents into grid
under grid frequency variations.

6.2.2 Modeling and control of grid-connected PV inverters
Figure 6.10 shows a single-phase grid-connected PV inverter with an LCL filter,
where the filter-capacitor Cf is used to eliminate high-order harmonics at the
switching frequencies. Together with the grid-side inductor L2, the capacitor Cf

can be treated as a ‘‘model mismatch’’ [26]. Therefore, the dynamic model of the
single-phase grid-connected system shown in Figure 6.10 is simplified as:

L1
dig

dt
þ R1ig ¼ vin � vg (6.11)

where vg is the grid voltage, ig is the grid current, L1 and R1 are the inductance and
resistance of the inductor L1, respectively.

Gnm(s)

Gnj(s) uOHC(s)

Gn0(s)

e(s)

Figure 6.9 Optimal harmonic control scheme, where e(s) is the error input, uOHC(s)
is the controller output, and Gnj(s) is the corresponding (nk � j)-order
harmonic RC with j ¼ 0, 1, 2, . . . , m
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Figure 6.10 A typical single-phase grid-connected PV inverter with an
LCL filter
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In this case, a very simple DB current controller is employed, and it can be
derived from (6.11) as:

v�invðkÞ ¼
1

vdcðkÞ vgðkÞ þ b1i�gðkÞ � b1 � b2ð ÞigðkÞ
h i

(6.12)

in which b1 ¼ L1=Ts, b2 ¼ R1, k is the sampling instant number, and vdc is the DC-
link voltage. The DB controller in (6.12) will force the feed-in current to track the
reference in one sampling period in theory, i.e., igðk þ 1Þ ¼ i�gðkÞ. However, due to
system uncertainties (including model mismatch), the control parameters, b1 and
b2, should be adjusted to enhance the robustness of the controller [31].

One of the main functions of the grid-connected PV inverter is to feed clean
sinusoidal current into the grid. To compensate the inherent odd-order harmonics in
the feed-in current from single-phase inverters [37,38] under system uncertainties
and frequency variations, a FA-OHC scheme is added into the DB current
controller as the harmonic compensator shown in Figure 6.10. Such a hybrid
structure control scheme can achieve both zero steady-state tracking error and good
dynamics. According to Figure 6.9 and the discussion in Section 5.3 in Chapter 5,
the digital FA-OHC scheme can be written as:

GaOHCðzÞ ¼
X

m2Nm

GasmðzÞ

¼
X

m2Nm

kmGf ðzÞ cos 2pm
n

� �
zNi
Pn
k¼0

Akzk

� �
QðzÞ � Q2ðzÞ

� �

zNi
Pn
k¼0

Akzk

� �2

� 2 cos 2pm
n

� �
zNi
Pn
k¼0

Akzk

� �
QðzÞ þ Q2ðzÞ

(6.13)

where N ¼ T0/Ts [ N with Ts being the sampling period, Ni ¼ [N/n] [ N is the integer
part of N/n, F is the fractional part of N/n, km is control gain, and Nm is the con-
sidered number of harmonic sets. The control module Gasm(z) for (nk � m)-order
harmonics in (6.13) is given as:

GasmðzÞ ¼
kmGf ðzÞ cos 2pm

n

� �
zNi
Pn
k¼0

Akzk

� �
QðzÞ � Q2ðzÞ

� �

zNi
Pn
k¼0

Akzk

� �2

� 2 cos 2pm
n

� �
zNi
Pn
k¼0

Akzk

� �
QðzÞ þ Q2ðzÞ

(6.14)

which is also called the frequency-adaptive selective harmonic control (FA-SHC)
module. The fractional delay filter is given as:

Xn

k¼0

Akz�k ¼
Xn

k¼0

Yn

i¼0

i 6¼k

F � i

k � i

0
BBBB@

1
CCCCAz�k (6.15)
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It is used to approximate the fractional part z�F of the time-varying signal period.
Obviously, if F ¼ 0, the FA-OHC in (6.13) is equivalent to the OHC in (3.38).

Also, for simplicity, a linear phase-lead compensator Gf ðzÞ ¼ zc is used to
compensate the system delay and reinforce the system stability [21,26]. The
implementation of a FA-SHC module with the linear phase compensator GfðzÞ ¼ zc

in the FA-OHC can be found in Figure 6.11.
When the bandwidth of the fractional delay filter in (6.15) is larger than

the bandwidth of the LPF Q(z), the FA-OHC in (6.13) will be equivalent
to the conventional OHC within the bandwidth of LPF Q(z) due to
QðzÞj j Pn

k¼0 Akz�k
�� ��! 1. Under such conditions, the design and synthesis of the

FA-OHC system shown in Figure 6.11 are the same as those of the conventional
OHC system that are presented in Chapter 3.

6.2.3 Experimental validation
In order to verify the theoretical study, experimental tests have been performed on a
single-phase grid-connected inverter system shown in Figure 6.12, where the con-
trollers are implemented in a dSPACE DS1103-based system, a California Instru-
ments Programmable AC Power Source is adopted as the simulated power grid, a DC
power source is utilized instead of PV panels, and a commercial full-bridge PV
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2cos(2πm/n)

Q(z)

Q(z)

km z–Ni – F + c

z–Ni – F + c
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z–c

+
++– –+

Figure 6.11 Frequency-adaptive digital selective harmonic control scheme with a
linear phase-lead compensator zc, which is a control module of the
FA-OHC scheme at (nk � m)-order harmonics
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Figure 6.12 Experimental setup of a single-phase grid-connected inverter
system
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inverter with an LCL-filter connected to the grid through an isolation transformer has
been used as the power conversion stage. System parameters are listed in Table 6.4.
As mentioned previously, the main control objective of the grid-connected inverter is
to feed unity-power-factor clean sinusoidal currents (e.g., THD < 5%) into the grid.

Figure 6.13(a) shows the steady-state performance of the single-phase grid-
connected inverter system only with the DB control. The corresponding harmonic
spectrum of the feed-in current ig is shown in Figure 6.13(b), which indicates that
the feed-in current ig contains dominant ð4k � 1Þ-order harmonics. Specifically, the
ratio of all 4k-order (k ¼ 0, 1, 2, ...) harmonics to the total harmonics is nearly 18%,
the ratio of all (4k � 1)-order (k ¼ 1, 2, 3, ...) harmonics to the total harmonics is
nearly 62%, and the ratio of all (4k � 2)-order (k ¼ 1, 2, 3, ...) harmonics to the total
harmonics is nearly 20%. Accordingly, the following FA-OHC is adopted:

GaOHCðzÞ ¼
X

m2Nm

GasmðzÞ ¼ Gas0ðzÞ þ Gas1ðzÞ þ Gas2ðzÞ (6.16)

where the FA-SHC modules Gas0(z), Gas1(z), and Gas2(z) are correspondingly used to
compensate the 4k-order harmonics, ð4k � 1Þ-order harmonics, and ð4k � 2Þ-order
harmonics. Their corresponding control gains k0, k1, and k2 will be proportional to
the ratios of harmonics to the total. Moreover, a CRC scheme with identical system
parameters and the conventional OHC are also developed for comparison.

As discussed in Chapters 2, 3, and 5, the stability range of the control gain(s)
for the CRC or the FACRC is 0 < krc < 2, and for the OHC or the FA-OHC, it is
0 < k0 þ k1 þ k2 < 2. Since the error convergence rate is proportional to the con-
trol gain, the CRC control gain is chosen as krc ¼ k0 þ k1 þ k2 to facilitate the
comparison between the CRC and the FA-OHC. In the following experiments the
control gain krc ¼ 1.8 is chosen for the CRC, and thus the control gains k0 ¼ 0:2,
k1 ¼ 1:4, and k2 ¼ 0:2 are chosen for the FA-OHC. Notably, the control gains for
the FA-OHC scheme are weighted according to the harmonic distribution of the
feed-in current as shown in Figure 6.13(b).

Table 6.4 System parameters of the single-phase grid-connected
inverter system

Parameters Value

Nominal grid voltage amplitude vgn ¼ 220 V (rms)
Nominal grid frequency f0 ¼ 50 Hz
Reference current amplitude I*

g ¼ 5A
Transformer leakage impedance Lg ¼ 2 mH, Rg ¼ 0.2 W

L1 ¼ L2 ¼ 3.6 mH
LCL-filter R1 ¼ R2 ¼ 0.04 W

Cf ¼ 2.35 mF
Sampling and switching frequency fs ¼ fsw ¼ 10 kHz
DC bus voltage vdc ¼ 400 V
Repetitive control gain krc ¼ k0 þ k1 þ k2 ¼ 1.8
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To further evaluate the harmonic of the grid current ig, a harmonic ratio hr( j) is
defined as:

hr jð Þ ¼
Xj

i¼1

Mi

 !	 X199

i¼1

Mi

 !
� 100% (6.17)

where Mi is the magnitude of the ith-order harmonic. Correspondingly, the har-
monic ratio hr( j) for the current spectrum shown in Figure 6.13(b) can be repre-
sented in Figure 6.14(a), which indicates that over 83% of the harmonics are within
a certain range (0�3.5 kHz). Consequently, if the cutoff frequency fcutoff of the LPF
Q(z) for the CRC and Q2(z) for the OHC or the FA-OHC are chosen as fcutoff >
3.5 kHz, most of the harmonics can be removed by the CRC or the FA-OHC.
Figure 6.15(b) shows that the cutoff frequencies of the designed Q(z) ¼ 0.1z þ
0.8 þ 0.1z�1 and Q2ðzÞ ¼ 0:05z þ 0:9 þ 0:05z�1ð Þ2

are 3.3 kHz and 3.5 kHz,
respectively, which approximately meet the bandwidth requirement.

In the case of a nominal grid frequency f0 ¼ 50 Hz, both N ¼ fs=f0 ¼ 200
and p ¼ N=4 ¼ 50 are integers. In those cases, the CRC and the conventional
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f0 ¼ 50 Hz of the DB-controlled inverter system: (a) harmonic
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Figure 6.15 Start-up transient tracking error of the grid current using different
control schemes (grid voltage vg: [250 V/div], grid current ig:
[5A/div], tracking error eig: [5 A/div], time: [20 ms/div]): (a) DB
with the CRC and (b) DB with the conventional OHC
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OHC schemes are plugged into the DB-controlled system to enhance the harmonic
elimination. Figure 6.15 demonstrates that, within the stability range for the
control gain(s), the dynamic response of the OHC can be much faster (up to n/2
times) than that of the CRC. Figure 6.16 shows that the plug-in CRC, and the
OHC-controlled single-phase inverter can feed good quality current ig into the grid
and their corresponding harmonic distortion levels of the feed-in grid current ig
are THDig ¼ 1.4% and THDig ¼ 1.5%, respectively. It is clearly indicated in
Figures 6.15 and 6.16 that, compared with the CRC, the OHC scheme with opti-
mized control gains can significantly improve the dynamic response with almost
the same tracking accuracy. It means that the OHC scheme can offer an optimal and
efficient PC solution to the grid-connected inverters.

However, in the case of frequency variations, (e.g., if f0 ¼ 50.2 Hz, N/4 ¼ 49.8
is fractional, and if f0 ¼ 49.8 Hz, N/4 ¼ 50.2 is also fractional), the tracking accu-
racy of the CRC or the OHC schemes will be affected. Table 6.5 lists the current
THDs under various grid frequencies using different control schemes, which are
also plotted in Figure 6.17. It can be seen from Table 6.5 that the DB controller
with almost constant feed-in current THDs of 8% ~ 8.65% (higher than 5%) can be
treated as irrelevant to frequency variations, while the THDs of the CRC-controlled
feed-in current will be increased with the frequency deviation Df0 ¼ f0 � 50 Hz.
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Figure 6.16 Steady-state responses of the single-phase grid-connected inverter
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Based on the FD filters, the FACRC and FA-OHC can effectively suppress the
current THDs to below 3.5% (lower than 5%), as observed in Table 6.5 and also in
Figure 6.17. It means that the FAPC schemes are much less sensitive to grid fre-
quency variations. In addition, as shown in Figure 6.18, the emerging phase shifts
between the grid voltage and the grid current will lead to reactive power injections
or absorptions into the grid, if the frequency-adaptive capabilities of the periodic
control schemes are deactivated.

In order to further evaluate the robustness and convergence rate of the
FA-OHC scheme and also the FACRC scheme in response to frequency step

Table 6.5 Current THDs under various grid frequencies using different control
schemes

Grid frequency (Hz) 49 49.5 49.6 49.7 49.8 49.9

DB 8.39 8.12 8.09 8.07 8.05 8.01

THD of ig (%) DB þ CRC 6.25 4.5 4 3.38 2.7 2

DB þ FACRC 3.02 1.9 1.78 1.63 1.48 1.42

DB þ FA-OHC 3.08 2.02 1.85 1.73 1.63 1.52

Grid frequency (Hz) 50 50.1 50.2 50.3 50.4 50.5 51

DB 8 8.02 8.05 8.11 8.15 8.2 8.65

THD of ig (%) DB þ CRC 1.55 2.12 2.8 3.4 3.95 4.44 6.5

DB þ FACRC 1.4 1.43 1.52 1.63 1.82 2 3.16

DB þ FA-OHC 1.49 1.52 1.63 1.77 1.95 2.13 3.16

48.5 49 49.5 50 50.5
Grid frequency (Hz)

51 51.5

FACRC
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Figure 6.17 Feed-in current THD levels in a single-phase grid-connected inverter
system with various current controllers under a varying grid
frequency (49 Hz � f0 � 51 Hz)
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changes, more experiments have been carried out. Figure 6.19 shows the start-up
dynamic responses of the FACRC and the FA-OHC in case of a nonnominal grid
frequency (i.e., f0 ¼ 51 Hz). In contrast to the start-up response of the two con-
trollers without frequency-adaptive schemes shown in Figure 6.15, the dynamic
performances of both the FACRC and the FA-OHC are almost the same.
It means that the frequency-adaptive schemes by means of FD filters will not
change the dynamic performance of the PC schemes. Finally, the dynamic
performances of the FACRC and the FA-OHC schemes under grid frequency
step changes are presented in Figure 6.20. It is indicated in Figure 6.20 that the
two FAPC schemes are robust to grid frequency variations as well.

6.2.4 Conclusion
In general, seen from the above representative cases, the following can be con-
cluded: in grid-connected applications, the FAPC schemes presented in Chapter 5
are quite competitive to other current controllers in terms of high tracking accuracy,
fast dynamic performance, good robustness, and being easy for implementation.

Specifically, for grid-connected converters, the FAPC schemes, especially the
FA-OHC, are developed to remove uneven distributed power harmonics from the
feed-in current under grid frequency variations. Series of experiments demonstrate
that the FA-OHC, which can achieve accurate, fast, robust, and cost-effective feed-in
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Figure 6.18 Steady-state performance of the CRC and the frequency adaptive
RC current controllers under various grid frequencies (grid voltage
vg: [100 V/div] and grid current ig: [5 A/div], time: [4 ms/div]):
(a) the CRC scheme and (b) the frequency-adaptive RC scheme
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current regulation, provides a tailor-made optimal current control solution to grid-
connected converters. Furthermore, since various periodic controllers can be treated
as special cases of the FA-OHC, the FA-OHC actually provides a general form of the
FAPC for power converters [17,26].

6.3 FAPC of shunt active power filters

6.3.1 Background
The rapidly growing use of nonlinear loads causes considerable power quality
degradation in power distribution networks, such as power harmonic distortions
and resonances. Shunt active power filters (APFs) [46–53], which operate as con-
trollable power sources and offer fast responses to load dynamic changes, are
widely used to cancel the current harmonics produced by the nonlinear loads. The
digital CRC provides a simple but accurate current control solution to shunt APFs
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eig
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Figure 6.19 Start-up transient tracking error of the grid current with different
PC schemes (grid voltage vg: [250 V/div], grid current ig:
[5 A/div], tracking error eig: [5 A/div], time: [20 ms/div]):
(a) DB with the frequency-adaptive RC scheme and (b) DB with
the FA-OHC scheme
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for grid current distortion compensation. It can achieve zero steady-state error
tracking of any periodic signal with a known integer period of N ¼ fs /f0, where f0 is
the fundamental frequency of reference signal and fs is the sampling rate.

Obviously, a time-varying grid frequency f0 will result in a fractional period
of N. However, in practical applications, the grid-connected shunt APFs usually
operate under a time-varying grid frequency f0. As discussed in Chapter 5, the
digital CRC with a fixed sampling frequency fs is sensitive to such grid frequency
variations. In cases of fractional-period grid voltages, the CRC cannot enable shunt
APFs to accurately compensate the current harmonics. Addressing this issue, an
FACRC strategy is developed for a single-phase shunt APF to accurately remove
harmonic distortions from the grid current [25].

6.3.2 Modeling and control of shunt active power filters
Figure 6.21(a) shows the typical configuration of a single-phase PWM inverter-
based APF system, which is used to compensate the current harmonic distortions
induced by the nonlinear rectifier loads with Lr and Cr being the load filter inductor
and capacitor, respectively, and R being the load resistor. While keeping the DC
bus voltage vdc constant at a preset level, the shunt APF inverter is thus regulated to
accurately generate the compensation current ic to compensate the harmonic com-
ponents of the load current iL, and to achieve sinusoidal grid current ig with a unity

f0 = 50.5 Hz

f0 = 50.5 Hz
f0 = 49.5 Hz

f0 = 50.5 Hz

f0 = 49.5 Hz
PLL output grid frequency

PLL output grid frequency
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Figure 6.20 Transient responses of the single-phase grid-connected system under
grid frequency changes with different PC schemes (grid voltage
vg: [250 V/div], grid current ig: [5 A/div], grid frequency [1 Hz/div],
time: [20 ms/div]): (a) DB with the FACRC and (b) DB with the
FA-OHC scheme
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power factor. The dynamics of the shunt APF in Figure 6.21(a) can be written
as [25]:

_ic ¼ 1
L
ðvg � viÞ (6.18)

_vdc ¼ 1
C

icSðtÞ (6.19)

where vdc, vg, and vi are the DC bus voltage, the grid voltage and the output voltage
of the inverter, ic is the compensation current fed by the APF, L, and C are the filter
inductor and DC bus capacitor, and S(t) denotes the switching function with value
being 1 or �1.

Figure 6.21(b) shows the diagram of the control scheme for the shunt APF,
where it can be seen that the control scheme includes two control loops. Namely, a
proportional–integral (PI) controller-based outer voltage loop is to force the DC bus
voltage vdc to track the reference voltage v�dc, and a DB plus FACRC scheme-based
inner current loop is to force the compensation current ic to track the reference
current i�c . The compensation current ic is expected to be the inverse of the har-
monic components of and the reactive power components in the load current iL.
Since the bandwidth of the inner current loop is usually much larger than that of the
outer voltage loop, the reference current i�c can be treated as a constant input for the
inner control loop. Consequently, outer voltage loop controller and inner current
loop controller can be separately designed.

Grid Diode rectifier load

Inverter

(a)

(b) Current Control Loop

PLL

FACRC

DB PWM

Voltage Control Loop
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ig iL
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Figure 6.21 Single-phase shunt active power filter system connected to the grid
with a nonlinear load: (a) the hardware schematic and (b) the dual-
loop control scheme
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A PI controller is employed to force the DC bus voltage vdc to track the con-
stant reference value v�dc [25,53], and its output can be given as:

uv ¼ kp v�dc

� �2 � v2
dc

h i
þ ki

ð
v�dc

� �2 � v2
dc

h i
dt (6.20)

with uv being the output of the voltage loop PI controller and kp, ki being the
proportional and integral gains of the PI controller, respectively. Note that, due to
the power exchange between the grid and the APF, the DC bus voltage for the APF
will contain voltage ripples denoted as ~vdc: The voltage ripples ~vdc in the DC bus
voltage will lead to unexpected harmonics in the reference compensation current
i�c and thus in the compensation current ic [37,38]. As shown in Figure 6.21(b), an
LPF is thus used to remove unexpected harmonics due to the DC bus voltage
ripples, which can be passed to the reference compensation current i�c :

Since the main control objective of the APF is to achieve a sinusoidal grid
current ig with a unity power factor, the reference compensation current i�c for the
inner current loop can be generated by:

i�cðtÞ ¼ iLðtÞ � uvðtÞvgðtÞ (6.21)

The sampled-data form of (6.18) can be expressed as:

icðk þ 1Þ ¼ icðkÞ þ Ts

L
ðvgðkÞ � viðkÞÞ (6.22)

where k and k þ 1 represent the k-th and (k þ 1)-th sampling instants, and Ts ¼ 1/ fs
is the sampling period. Let icðk þ 1Þ ¼ i�cðkÞ, and the transfer function for the inner
control loop will be H(z) ¼ z�1. That is to say, a DB current control loop is
achieved. Accordingly, we have:

viðkÞ ¼ vgðkÞ � L

Ts
ði�cðkÞ � icðkÞÞ (6.23)

where vi(k) is the output voltage of the inverter and

viðkÞ ¼ ucðkÞvdcðkÞ (6.24)

with ucðkÞ 2 �1; 1½ 	 being the output of inner loop DB current controller.
Therefore, the DB current control law can be obtained as:

ucðkÞ ¼ 1
vdcðkÞ vgðkÞ � L

Ts
ði�cðkÞ � icðkÞÞ

� �
(6.25)

However, the DB controller is sensitive to various system uncertainties
(e.g., the time delay and parameter variations). To ensure that the APF can achieve
an exact compensation of current harmonics in the presence of various system
uncertainties and frequency variations, an FACRC Garc(z) is plugged into the DB
current controller as shown in Figure 6.21(b). The FACRC can be expressed as:

GarcðzÞ ¼ krc
z�Ni z�Fð ÞQðzÞ

1 � z�Ni z�Fð ÞQðzÞGf ðzÞ (6.26)
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where GfðzÞ ¼ zc is a linear phase-lead filter with phase-lead step c [ N being
determined by experiments [19,21], Q(z) is an LPF, and krc is the control gain. In
(6.26), the Lagrange interpolation-based FD filter z�F can be written as:

z�F ¼
Xn

k¼0

Akz�k ¼
Xn

k¼0

Yn

i¼0

i 6¼k

F � i

k � i
z�k k; i ¼ 0; 1; . . .; n (6.27)

with F being the fractional part of the fractional number N ¼ fs/f ¼ Ni þ F, fs being
the sampling frequency and f being the phase-locked loop (PLL)-detected grid
frequency. In the following experiments, n ¼ 3 is chosen to be the Lagrange
polynomial degree.

As shown in Figure 6.22, for online update of the fractional delay of the
FACRC, a frequency detector which is performed by a PLL system shown in
Figure 6.21, is used to provide the real-time measurement of the grid frequency f.
The frequency detector should be insensitive to grid disturbances and harmonics,
and can operate within a wide frequency range (i.e., 47~52 Hz) [25]. The dynamic
response of the frequency detector with the settling time being 50 ms is much
slower than that of the current loop, and is much faster than the maximum change
rate of the grid frequency. For example, if the grid frequency f changes from 50 to
50 � 1 Hz, the fundamental signal period N ¼ fs=f ¼ Ni þ F with the sampling
frequency fs ¼ 5 kHz will change from 100 to about 100 � 2. If the change rate of
the grid frequency is 1 Hz/s (a typical maximum rate value), it will take 500 ms
to increase or decrease the integer part Ni by 1, and the fractional period N for
FACRC would only change �4 � 10�4 over one sampling cycle. Correspondingly,
online updating coefficients Ak will not change significantly, and can be treated
as constants in the system stability analysis. It implies that the FACRC is quite
robust to the grid frequency change. Furthermore, as long as the bandwidth of the
FD filter in (6.27) is larger than that of Q(z), the FACRC in (6.26) is identical to the
CRC in (2.5). Hence the synthesis of the FACRC can be fully compatible to that of
the CRC.
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(e.g., PLL)
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Ni Ak
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A0krc
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+
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+z0 Q(z)e(z) Gf (z) urc(z)
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F – i
k – ii=0

i≠k

∏Ak =
n

Figure 6.22 Implementation of the FACRC given in (6.26)
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6.3.3 Experimental validation
A dSPACE DS1104-based single-phase shunt APF system has been built up to
verify the effectiveness of the plug-in FACRC. A programmable AC power source
is used to simulate the grid voltage. The system parameters are listed in Table 6.6.
The phase-lead compensation filter Gf (z) ¼ z2 is employed in the FACRC, and the
LPF Q(z) is chosen as Q(z) ¼ 0.1z þ 0.8 þ 0.1z�1. According to Figure 6.3, the
bandwidths of Q(z) and the FD filter in (6.28) can be correspondingly calculated as
about 0.66fs/2 ¼ 1650 Hz and 0.75fs/2 ¼ 1875 Hz, respectively. Thus, it enables the
FACRC to efficiently compensate up to 30th-order current harmonics.

As two examples, when the grid frequency changes from 50 Hz to 50 � 0.2 Hz,
the period N will change from integer N ¼ 100 to fractional N ¼ 100 � 0.4.
Figure 6.23 shows the Bode plots of the CRC and the FACRC under such condi-
tions. It can be seen in Figure 6.23 that the CRC with an integer delay z�100 and the
FACRC with approximated fractional delays z�99.6 and z�100.4 have large gains at
the harmonic frequencies of 50n Hz and (50 � 0.2)n Hz (n ¼ 1, 2, . . . ), respec-
tively. In addition, the phase shifts at these frequencies are zero. It is indicated that
if the fundamental grid frequency changes from 50 Hz to 50 � 0.2 Hz, the CRC
cannot exactly compensate the harmonic of (50 � 0.2)n Hz with n ¼ 1, 2, . . . , due
to its reduced gains at these frequencies. This means that the CRC is sensitive to
grid frequency variations.

Figure 6.24 shows the performance of the grid-connected system in
Figure 6.21 when the APF is deactivated. It can be observed in Figure 6.24 that,
without the APF, the THD of the grid current ig under the nominal grid frequency
of 50 Hz is up to 44.4%. Then, the APF control is enabled. Figure 6.25 shows the
steady-state performance of the system with the CRC-controlled APF (N ¼ 100,
i.e., F ¼ 0 for the FACRC) under the nominal grid frequency of 50 Hz. It can be
seen that the THD of the grid current ig is significantly reduced to 3.7%.

Table 6.6 System parameters of a single-phase shunt active power filter

Symbol Description Nominal value

v*
dc DC bus voltage reference 250 V

vg Grid voltage amplitude 120 V
L Filter inductor 5 mH
Lr Rectifier inductor 5 mH
C DC bus capacitor 1100 mF
Cr Rectifier capacitor 4400 mF
R Rectifier resistor 12 W
fc Switching frequency 5 kHz
fs Sampling frequency 5 kHz
f Grid frequency 50 Hz
kp Proportional gain 1.8
ki Integral gain 25
krc Repetitive gain 0.8
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Figures 6.24 and 6.25 indicate that the CRC-controlled APF can efficiently com-
pensate the majority of the harmonic distortions in the grid current ig under a grid
voltage with an integer period.

However, when the change of grid frequency leads to the grid voltage with a
fractional period, the compensation performance of CRC will be degraded.
Figure 6.26 shows the steady-state performance of the system with the CRC-
controlled APF under a grid frequency of 49.8 Hz (N is round to 100). It can be

150

100

50

0

–50

150

100

50

0

–50

270 270
180
90
0

–90
–180
–270

0

180
90
0

–90
–180
–270

100 200 300
Frequency (Hz) Frequency (Hz)

N = 100.4

N = 100
N = 99.6

N = 99.6
N = 100

N = 100.4

Ph
as

e 
(d

eg
)

Ph
as

e 
(d

eg
)

M
ag

ni
tu

de
 (d

B
)

M
ag

ni
tu

de
 (d

B
)

400 500 347 348 349 350 351 351 353
(a) (b)
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observed in Figure 6.26 that the THD of the grid current ig is around 7.2%. By
contrast, Figure 6.27 shows the steady-state performance of the system with the
FACRC-controlled APF under the same grid frequency (49.8 Hz with N ¼ 100.4).
Clearly, the THD of the grid current ig is reduced to 3.0%. Figures 6.26 and 6.27
confirm that, in the case of a fractional grid period, the FACRC offers much higher
current harmonic compensation accuracy than what the CRC does.

In addition, Figure 6.28 shows the steady-state performance of the system with
the CRC-controlled APF under a grid frequency of 50.2 Hz (N is rounded to 100).
It is shown that the THD of the grid current ig is around 8.7%. For comparison, the
FACRC control scheme with N ¼ 100.4 is also applied to the APF system. As
presented in Figure 6.29, under the grid frequency of 50.2 Hz, the FACRC-
controlled system can reduce the THD of the grid current ig to around 2.8%.
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Figures 6.28 and 6.29 also confirm that, in the case of a fractional grid period, the
FACRC-controlled APF system performs much better than what the CRC does.

Table 6.7 further summarizes the THDs of the compensated grid current ig
under various grid frequencies from 49.5 Hz to 50.5 Hz. The results in Table 6.7
indicate that, in the case of various grid frequencies the FACRC-controlled APF
always can offer very high current harmonic compensation accuracy, while the
CRC-controlled APF fails to provide a satisfactory current harmonic compensation.
Obviously, the CRC is sensitive to frequency variations, while the FACRC is much
more immune to frequency changes.

In order to evaluate the robustness of the FACRC scheme for the shunt APF in
response to load disturbances, more experiments have been carried out. As shown
in Figure 6.30, the grid current ig compensated by the FACRC-controlled APF can

Table 6.7 Performance of the APF system under different
grid frequencies

Grid frequency (Hz) THD (%)

CRC FACRC

49.5 3.587 2.739
49.6 4.357 2.958
49.7 8.102 2.920
49.8 7.179 2.987
49.9 4.795 2.838
50.0 3.719 3.719
50.1 4.866 2.706
50.2 8.749 2.795
50.3 8.039 3.135
50.4 4.908 2.908
50.5 3.649 3.166
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Figure 6.30 System performance of the FACRC-controlled APF system in the
case of load changes at a grid frequency of 49.8 Hz: (a) R changed
from 15 W to 30 W and (b) R changed from 30 W to 15 W
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keep sinusoidal under the step-change loads. Moreover, in the load disturbance
tests, the settling time of the DC bus voltage is about 250 ms. The above results
thus verifies that the FACRC-controlled APF system is robust to load changes.

6.3.4 Conclusion
The experimental tests of the FACRC-controlled single-phase shunt APF system
indicate that the FACRC enables the shunt APF to precisely and rapidly compen-
sate the harmonic distortions in the grid current under grid frequency variations.
Moreover, the FACRC scheme is robust to step frequency changes and load
disturbances.

6.4 Summary

The FD filter-based FAPC with a fixed sampling rate provides power converters
(especially grid-connected converters) with a simple, accurate, fast, and robust
control solution. The synthesis and design of such FAPC systems are compatible to
those of the corresponding non-FAPC schemes, which have been explored in
Chapters 2 and 3. All the above three application examples verified the effective-
ness of the FD filter-based FAPC schemes.
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Chapter 7

Continuing developments of periodic control

Abstract

This chapter will discuss the most recent developments of the periodic control (PC)
technology, such as the PC for multi-period signals and the periodic signal filtering
problem. All these developments would extend the PC to more extensive engi-
neering practice and can enable PC to further improve system performance.

7.1 Periodic control for multi-period signals

All PC laws developed in the previous chapters apply to periodic signals with a
single fundamental period [1–16], which can be decomposed into a linear combi-
nation of a DC component, a fundamental frequency component of the given period
and all harmonics. Periodic controllers [17–19] can also be used to deal with sig-
nals with multiple periods, for example, harmonics and inter-harmonics in elec-
trical power systems.

7.1.1 Digital multi-period repetitive control
Let us consider the digital RC system shown in Figure 7.1, which can be
described as:

yðzÞ ¼ 1 þ GRðzÞð ÞHðzÞ
1 þ GRðzÞHðzÞ rðzÞ þ 1

1 þ GRðzÞHðzÞ dðzÞ (7.1)

where GpðzÞ is the plant, GcðzÞ is the feedback controller, GRðzÞ is the multi-period
RC scheme, yðzÞ is the output, rðzÞ is the reference input, and dðzÞ is the multi-
period disturbance, and:

HðzÞ ¼ GcðzÞGpðzÞ
1 þ GcðzÞGpðzÞ

Signals rðzÞ and/or dðzÞ are a linear combination of frequencies of multiple
given periods. In [17,18], a novel multi-period RC to simplify the design and



analysis of the corresponding RC systems has been developed. The multi-period
RC GRðzÞ [17–19] can be written as:

GRðzÞ ¼
Xp

j¼1

RjðzÞ þ
Xp

j;k¼1; j 6¼k

RjðzÞRkðzÞHðzÞ þ
Yp

j¼1

RjðzÞH2ðzÞ (7.2)

where

RjðzÞ ¼ kj
QðzÞz�Nj

1 � QðzÞz�Nj
Gf ðzÞ (7.2a)

is a digital CRC scheme for the periodic component with a given period
Nj ( j ¼ 1; 2; . . .; p) with p being the number of periods considered, QðzÞ is the
frequency-selection low pass filter (LPF), and Gf ðzÞ is the phase-lead compensator.
An example of a multi-period RC with three given periods is given in Figure 7.2.

Furthermore, we can have:

1
1 þ GRðzÞHðzÞ ¼

1Qp
j¼1

1 þ RjH
� � ¼Y

p

j¼1

1 � QðzÞz�Nj

1 � 1 � kjGf ðzÞHðzÞ� �
QðzÞz�Nj

(7.3)

From (7.1) and (7.3), it can be seen that the characteristic polynomial for such
a multi-period RC system is equivalent to the product of every characteristic
polynomial for each separate period CRC system. Hence, the design process of
each period CRC component in the multi-period RC is decoupled. That is to say,
the control gain kj for each CRC of RjðzÞ can be separately tuned.

GR(z)

r(z)
e(z)+ + + ++

–
Gc(z) Gp(z)

d(z)

y(z)
u(z)

Figure 7.1 Repetitive control system with multi-period signals

R1(z)

R2(z)e(z)

R3(z)

u(z)

H(z)

H(z)

+

+

+ +

+

+

+ + +

Figure 7.2 Multi-period repetitive controller GR(z) in (7.2) with three given
periods (i.e., p ¼ 3)

216 Periodic control of power electronic converters



Therefore, it is clear that the plug-in multi-period RC system is stable if the
two following sufficient stability conditions are met [17–19]:

1. Roots of 1 þ GcðzÞGpðzÞ ¼ 0 are inside the unit circle, i.e., without the plug-in
multi-period RC scheme, the closed-loop feedback control system H(z) is
stable.

2. Roots of the characteristic equation 1 � 1 � kjGf ðzÞHðzÞ� �
QðzÞz�Nj ¼ 0 with

j ¼1, 2, . . . p for each period RC, are inside the unit circle, i.e.:

1 � kjGf ðzÞHðzÞ� �
QðzÞ�� �� < 1; for z ¼ ejw with w <

p
Ts

(7.4)

The above stability criteria for the multi-period RC system indicates that the
design and analysis of the multi-period RC is almost the same as that of the CRC
system discussed in Chapter 2. Furthermore, if Gf (z) is designed to enable

0 < Gf ðzÞHðzÞ � 1; (7.5)

the stability criterion of (7.4) can be simplified into:

0 < kj < 2; j ¼ 1; 2; . . .; p (7.6)

As shown in Figure 7.3, in order to deal with multi-period inputs/disturbances,
another straightforward way is to plug the following paralleled digital RC compen-
sators into the feedback control system:

GRðzÞ ¼
Xp

i¼1

RjðzÞ ¼
Xp

i¼1

kj
QðzÞz�Nj

1 � QðzÞz�Nj
Gf ðzÞ

� �
(7.7)

If the plug-in multi-period RC of (7.2) is replaced by the one of (7.7), the
stability condition of (7.6) for the plug-in multi-period RC system in Figure 7.1 will
be changed into:

0 <
Xp

j¼1

kj < 2 (7.8)

The stability condition of (7.8) can be proved in the same way as that of (3.17)
for the parallel-structure RC system discussed in Chapter 3. Unlike the inequality in

R1(z)

R2(z)

R3(z)

u(z)e(z)
++

+

Figure 7.3 Alternative multi-period repetitive controller GR(z) with three given
periods (i.e., p ¼ 3)
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(7.6) for the multi-period RC of (7.2), the inequality in (7.8) indicates that the
design selection of the control gains for the parallel-structure multi-period RC of
(7.8) is not completely independent.

Furthermore, an advanced multi-period PC scheme can be obtained by repla-
cing the CRC components of the multi-period RC in either (7.2) or (7.7) with the
advanced periodic controllers (such as the parallel-structure RC, selective harmonic
control, and optimal harmonic control) explored in Chapter 3. The multi-period
periodic control schemes can be adopted to improve the control system perfor-
mance at the cost of higher complexity in their implementation and synthesis.

7.1.2 Multi-period resonant control
For each period component in multi-period signals, one multiple resonant control
(MRSC) scheme can be employed to track or eliminate major harmonics. For the
j-th period component with fundamental frequency wj ( j ¼ 1, 2, . . . p), the MRSC
scheme can simply be written as:

RMjðsÞ ¼
X
h2Njh

RjhðsÞ ¼
X
h2Njh

L kjh cos wjht þ fjh

� �� �

¼
X
h2Njh

khj
s cos fhj � whj sin fhj

s2 þ w2
jh

 !
(7.9)

where Njh represents the set of selected harmonic orders, wjh is the h-th order
harmonic frequency, kjh is the control gain for tuning the error convergence
rate, fjh is the phase-lead angle for system delay compensation at the resonant
frequency wjh.

To compensate multi-period signals, multiple MSRC schemes can be directly
connected in parallel to construct the multi-period resonant control (RSC) scheme
as follows:

GMRðsÞ ¼
Xp

j¼1

RMjðsÞ ¼
Xp

j¼1

X
h2Njh

RjhðsÞ
0
@

1
A (7.10)

which is shown in Figure 7.4.

RM1(z)

RMj(z)

RMp(z)

u(z)e(z)

Figure 7.4 Multi-period resonant control shown in (7.10)
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Like the MRSC system, it can be derived that the overall closed-loop multi-
period RSC system is stable if the following conditions hold:

1. Roots of 1 þ GcðsÞGpðsÞ ¼ 0 are inside the unit circle (i.e., H(s) is stable).
2. Roots of 1 þ GMRðsÞHðsÞ ¼ 0 are inside the unit circle.

Unlike the multi-period RC system, the stability range of the control gains kjh

for the multi-period RSC system cannot directly be derived from the above con-
ditions. Empirical evidences show that the less selected harmonics are, the larger
the stability range of the control gains kjh are.

7.1.3 Frequency-adaptive periodic control
for multi-period signals

For multi-period signals with components of coprime periods Nj ( j ¼ 1, 2, . . . , p),
it is not easy to choose a suitable system sampling rate to enable all the periods Nj

to be integers. For example, considering a multi-period reference signal that con-
tains three fixed-frequency components as

xðtÞ ¼ sinð50 � 2ptÞ þ sinð51 � 2ptÞ þ sinð49 � 2ptÞ;
the minimum value of the system sampling rate will be chosen as fs ¼ 49 � 50�
51 ¼ 124950 Hz to enable every period Nj for the CRC component in (7.2a) of the
multi-period RC in (7.2) or (7.7) to be an integer. Nj 2 50 � 51; 49 � 51; 49 � 50½ �
is a very large number for implementing the CRC. Moreover, if the frequency of
any one signal component changes to be a fractional value, the minimum value of
the system sampling rate may become incredibly large to ensure that every period
Nj is an integer. Therefore, in practice, in the presence of frequency variations, it is
almost impossible to choose an appropriate system sampling rate to guarantee all
the CRC components:

RjðzÞ ¼ kj
QðzÞz�Nj

1 � QðzÞz�Nj
Gf ðzÞ (7.11)

with integer periods Nj ( j ¼ 1, 2, . . . , p) whether the sampling rate is fixed or
variable. That is to say, whether the sampling rate is fixed or variable, it is hard to
guarantee that the multi-period RC can achieve zero error tracking/elimination of
the multi-period signals in the presence of frequency variations.

Fortunately, the fractional delay (FD) filters with a fixed sampling rate can be
used to enable the multi-period RC in (7.2) or (7.7) to be frequency-adaptive. Like
(5.14), if all the CRC components RjðzÞ in (7.2) and (7.7) are replaced with the
Lagrange interpolation-based fractional-order adaptive ones [20–28], the following
equation will be obtained:

RajðzÞ ¼ kj

z�Nji
Pn
k¼0

Akz�k

� �
QðzÞ

1 � z�Nji
Pn
k¼0

Akz�k

� �
QðzÞ

Gf ðzÞ (7.12)
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where Nji ¼ [Nj] (j ¼ 1, 2, . . . , p). As a result, the multi-period RC of (7.2) or (7.7)
with a fixed sampling rate will become frequency-adaptive. It should be noted that,
a frequency detector is needed to separately measure the fundamental frequency of
each signal component.

Furthermore, as mentioned in Section 5.1, the frequency-adaptive multi-period
RSC scheme [29–31] can also be obtained as:

GaMRðsÞ ¼
Xp

j¼1

RaMjðsÞ ¼
Xp

j¼1

X
h2Njh

kjh
s cos fjh � ŵjh sin fjh

s2 þ ŵ2
jh

 !0
@

1
A (7.13)

where Njh represents the set of the selected harmonic orders for the j-th period
signal, ŵjh ¼ hŵj0 denotes the detected h-th order interested harmonic frequency
for the j-th period signal with ŵj0 being the detected fundamental harmonic fre-
quency and h being the order of harmonics, kjh is the control gain for tuning the
error convergence rate, fjh is the phase-lead angle for system delay compensation
at the resonant frequency ŵjh. A frequency detector (such as a phased-locked loop-
PLL system) is commonly employed to detect ŵj0 and enables the RSC in the
multi-period RSC to directly adapt to the varying frequency.

7.2 Periodic signal filtering

Figure 7.5 shows a typical feedback control system, where GcðzÞ is the feedback
controller, GpðzÞ is the control plant, dðzÞ is the disturbance, rðzÞ is the reference
signal, and yðzÞ is the output signal. The error transfer function for such a control
system can be written as:

eðsÞ ¼ rðsÞ � yðzÞ ¼ 1
1 þ GcðzÞGpðzÞ rðzÞ � 1

1 þ GcðzÞGpðzÞ dðzÞ (7.14)

From (7.14), for a given control plant Gp(s), if the feedback controller
GcðzÞ ! 1, we will have yðzÞ ! rðzÞ even in the presence of disturbances dðzÞ.
That is also why periodic controllers can be used to force the output yðzÞ to exactly
track the periodic reference signal rðzÞ at the interested harmonic frequencies.

However, in practical power conversion applications [32,33], the reference
signal rðzÞ may suffer from unexpected harmonic distortions. For example, for the
grid-connected single-phase PWM inverter shown in Figure 7.6, the DC-AC power
conversion of the PWM inverter [34,35] injects the double-grid frequency voltage

r(z)
e(z)

Gc(z) Gp(z)

d(z)

y(z)+ ++

–

Figure 7.5 A typical digital feedback control system

220 Periodic control of power electronic converters



ripples into the DC bus voltage vdc, and then it leads to significant twice the grid
fundamental frequency components in the output Ig

* of the proportional–integral
(PI) controller. Moreover, under distorted grid voltage vg, the PLL-detected syn-
chronization signal cos q0 may contain unfiltered harmonic distortions. Since the
reference AC feed-in current signal ig

* for the inner current control loop is the
product of the output Ig

* of the outer loop voltage PI controller and the PLL-
detected synchronization signal cos q0, the reference cosine current signal ig

* will
contain unexpected odd-order harmonics distortions due to the interaction between
the polluted grid frequency cos q0 and the double-grid-frequency voltage ripples in
Ig

*. Therefore, in order to feed clean sine/cosine currents into the grid, filtering of
both the DC bus voltage vdc and the grid AC voltage vg are needed to remove
harmonic distortions from the reference current signal ig

*. Hereby, such a problem
is called periodic signal filtering.

7.2.1 Notch and comb filters
Low pass filters (LPFs) can be used to remove periodic harmonics. However, the
bandwidth of the LPFs must be below the frequency of the lowest order harmonics,
which then often leads to slow dynamic system responses. Moreover, the LPFs may
not be able to significantly attenuate low-frequency harmonics due to their nonideal
transition band.

To deal with the harmonics filtering problem, engineers would often resort to
notch and comb filters, which pass most frequencies unaltered, but attenuate those
at specific frequencies to very low levels. A notch filter is a band-stop filter with a
narrow notch at a specified frequency. The frequency response of a comb filter
consists of a series of regularly spaced notches, giving the appearance of a comb.
By observing their frequency responses in the Bode diagram, it can be found that a
notch/comb filter actually can be treated as the ‘‘reciprocal’’ of a proportional item
‘‘1’’ plus a RSC/a RC, respectively. In other words, a notch or comb filter can be
obtained by taking the denominator of a RSC or a RC, since the poles at the
resonant frequencies become zeros at the notch frequencies.

vdc

vdc v*inv
v*dc

I*g

i*g

iinv

ωpll

ig

vg

Lg Rg

ig

L1 L2

vinv Cf

PWM

PI

Synchronization

Current
Controller

Inner control loop
(including harmonic compensators)

Source
(e.g., PV panels)

Outer control loop
(voltage or power control)

PLL

Inverter LCL-filter Grid

vdc
cos(θ¢ )
×

××
÷

+

– –

+

Cdc

Figure 7.6 Grid-connected single-phase PWM inverter system
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As mentioned in Section 2.2.1 in Chapter 2, a typical RSC can be expressed as:

ĜhðsÞ ¼ kh
s

s2 þ w2
h

(7.15)

with kh being the control gain and wh being the resonant frequency. As shown in
Figure 7.7, for the RSC ĜhðsÞ in (7.15), Ĝhð jwÞ�� ��! 1 at the resonant frequency
of w ¼ wh, and Ghð jwÞj j ! 0 at other frequencies of w 6¼ wh.

On the contrary, for a typical notch filter GnotchðsÞ, Gnotchð jwÞj j ! 0 at the
notch frequency of w ¼ wh, and Gnotchð jwÞj j ! 1 at other frequencies of w 6¼ wh.
Thus, based on the RSC in (7.15), a notch filter can be derived as [36,37]:

GnotchðsÞ ¼ 1

1 þ ĜhðsÞ
¼ s2 þ w2

h

s2 þ khs þ w2
h

¼ s2 þ w2
h

s2 þ wh
Qn

s þ w2
h

(7.16)

where kh ¼ kwh, Qn ¼ 1=k denotes the quality factor, and the resonant frequency
wh in (7.15) represents the notch frequency in (7.16). The quality factor Qn deter-
mines the sharpness of the filter response, which affects the stop-band width as
well as the phase-shift characteristics. A larger value of Qn will lead to a narrower
stop-band width as well as a less phase delay for frequencies that lie below the
notch frequency wh. However, due to the finite numerical resolution, too narrow
notch width caused by an overlarge Qn would result in difficulties in accurate
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Figure 7.7 Bode plot of the normalized resonant controller in (7.15) with
wh ¼ 2p� 50 rad/s and kh ¼ 1
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implementation of the digital notch filter. Figure 7.8 gives an example of the fre-
quency responses of the notch filter in (7.16) with k ¼ 60 and wh ¼ 2p� 50 rad/s.

From (7.15), (7.16), and the frequency response in Figure 7.8, it is clear that
the item (s2 þw2

h) results in the notch at the harmonic frequency wh. Moreover,
the denominator polynomial of the notch filter in (7.16) is adopted to shape the
frequency response of the notch filter.

Nevertheless, a more general notch filter can be given as:

GnotchðsÞ ¼ s2 þ k1whs þ w2
h

s2 þ k2whs þ w2
h

with k1 � k2 (7.17)

where the addition of k1whs can change both the stop-band width and the
phase shift characteristics near the notch frequency. For example, Figure 7.9 shows
the frequency responses of the notch filter in (7.17) with the notch frequency
wh ¼ 10 rad/s, k2 ¼ 5 for various values of k1. Obviously, as shown in Figure 7.9,
if k1 > k2, the filter becomes a band-pass filter; the notch filter with k1 ¼ 0, i.e., the
notch filter in the form of (7.16), achieves the sharpest notch and the steepest phase
change at the notch frequency, and it thus can completely filter out the interested
harmonic component.

As mentioned in Section 2.1.1 in Chapter 2, for periodic signals with the
fundamental period of T0, the simplest RC scheme can be written as:

ĜrcðsÞ ¼ e�sT0

1 � e�sT0
(7.18)

s2 + ω2
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Figure 7.8 Frequency response of the notch filter in (7.16) with
wh ¼ 2p� 50 rad/s and k ¼ 60
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which has poles at s ¼� jnw0 with n [ N and w0 ¼ 2p=T0. As shown in Figure 2.1,
for the RC controller ĜrcðsÞ in (7.18), Ĝrcð jwÞ�� ��! 1 at all harmonic frequencies
of w ¼ nw0 , and Ĝrcð jwÞ�� ��! 0 at other frequencies of w 6¼ nw0.

Similarly, the comb filter can be obtained as the ‘‘reciprocal’’ of a proportional
item ‘‘1’’ plus the RC in (7.18). Hence the resultant full harmonic comb filter is
given as:

GfhcðsÞ ¼ 1

1 þ ĜrcðsÞ
¼ 1 � e�sT0 (7.19)

which gives notches at full harmonic frequencies nw0. As shown in Figure 7.10, for
the comb filter in (7.19), Ĝfhcð jwÞ�� ��! 0 at all notch frequencies of w ¼ nw0, and
Ĝfhcð jwÞ�� ��! 1 at other frequencies of w 6¼ nw0.

For periodic signals with the fundamental period of T0, a simplest odd-order
harmonic RC scheme can be written as:

ĜorðsÞ ¼ �e�sT0=2

1 þ e�sT0=2
(7.20)

which has poles at s ¼� j(2k þ 1)w0, k [ N, and jĜorð jwÞj ! 1 at the odd-order
harmonic frequencies (2k þ 1)w0, and jĜorð jwÞj ! 0 at other frequencies.

Following the same way, the odd-order harmonic comb filter can be directly
derived as:

GohcðsÞ ¼ 1

1 þ ĜorðsÞ
¼ 1 þ e�sT0=2 (7.21)
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Figure 7.9 Frequency response of the notch filter in (7.17) with
wh ¼ 2p� 10 rad/s and k2 ¼ 5
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which results in notches at the odd-order harmonic frequencies (2k þ 1)w0, as
demonstrated in Figure 7.11.

Likewise, a selective harmonic comb filter can be developed by simply taking
the denominator of the selective harmonic control scheme in (3.24) as follows:

GshcðsÞ ¼ 1

1 þ ĜsmðsÞ
¼ e�

2sT0
n � 2 cosð2pm=nÞe�sT0

n þ 1

� cosð2pm=nÞe�sT0
n þ 1

(7.22)

where k ¼ 0, 1, 2, . . . and m < n. Obviously (7.19) and (7.21) are special cases of
(7.22) with appropriate m and n.

Likewise, more general comb filters can be given as follows:

GfhcðsÞ ¼ 1 � ae�sT0 (7.23)

GohcðsÞ ¼ 1 þ ae�sT0=2 (7.24)

GshcðsÞ ¼ 2
1

1 � ae
�sT0

n �j2pm
n

þ 1

1 � ae
�sT0

n þj2pm
n

¼ a2e�
2sT0

n � 2a cosð2pm=nÞe�sT0
n þ 1

�a cosð2pm=nÞe�sT0
n þ 1

(7.25)

where the tuning of coefficient a 2 �1; 1½ � could change both the stop-band width
and the phase-shift characteristics near the notch frequencies. As shown in
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Figure 7.10 Frequency response of the full harmonic comb filter in (7.19)
with T0 ¼ 0.02 s
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Figure 7.12, for the odd-order harmonic comb filter in (7.24), both harmonics
attenuation and phase shift at the notch frequencies will be significantly reduced
with the decrease of aj j. Obviously, the comb filter in (7.24) with aj j ¼ 1 achieves
the sharpest attenuation at the notch frequencies, and thus it is widely used in
practical applications.
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Figure 7.12 Frequency response of the comb filter in (7.24) with T0 ¼ 0.02 s
and a¼ 1, 0.9, 0.1
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Figure 7.11 Frequency response of the odd harmonic comb filter in (7.21)
with T0 ¼ 0.02 s
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7.2.2 Digital notch and comb filters
Since the control system components are often designed in the continuous time,
they must generally be discretized for implementation on digital computers and
embedded processors. Common methods for discretizing filters include zero-order
hold, first-order hold, impulse invariant, Tustin (bilinear approximation), Tustin
with frequency pre-warping, matched poles, and zeros. Among these, the zero- and
first-order hold methods and the impulse-invariant method are well-suited for dis-
crete approximations in the time domain. By contrast, the Tustin and matched
methods tend to perform better in the frequency domain because they introduce
less gain and phase distortion near the Nyquist frequency. Moreover, the higher the
sampling rate is, the closer the match between the continuous and discretized
responses is.

In practice, the continuous-time notch filter can be converted into a discrete-
time one with the matched frequency response at the notch frequency wh by simply
substituting the following Tustin without/with frequency pre-warping transform
into the continuous notch filter transfer function in (7.16) or (7.17):

Tustin: s ¼ 2
Ts

z � 1
z þ 1

(7.26a)

Tustin with frequency pre-warping: s ¼ wh

tan whTs=2ð Þ
z � 1
z þ 1

(7.26b)

where Ts is the system sampling period.
Referring to the digital forms of corresponding periodic controllers in

Chapters 2 and 3, the corresponding discrete-time comb filters for the continuous-
time comb filters in (7.23), (7.24), and (7.25) can be discretized into:

GfhcðzÞ ¼ 1 � az�N (7.27)

GohcðzÞ ¼ 1 þ ae�N=2 (7.28)

GshcðzÞ ¼ a2z�
2N
n � 2a cosð2pm=nÞz�N

n þ 1

�a cosð2pm=nÞz�N
n þ 1

(7.29)

where N ¼ T0/Ts [ N with Ts being the sampling period, and �1 � a � 1.
In practice, the comb filter with full frequency coverage as shown in (7.27) is

more widely used. When N ¼ 1 , the comb filter in (7.27) becomes a DC notch
filter with the notch frequency at wh ¼ 0 as below:

GIcðzÞ ¼ 1 � az�1 with 0 � a � 1 (7.30)

which is the opposite to the discrete-time integrator:

GIðzÞ ¼ az�1

1 � az�1
(7.31)
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The frequency response of a discrete-time notch filter or comb filter can be
obtained by making the substitution z ¼ e jw. For example, for the comb filter in
(7.27), its frequency response can be written as:

Gfhcð jwÞ ¼ 1 � ae�jNw (7.32)

Using the Euler’s identity, the frequency response of (7.27) can be rewritten as:

Gfhcð jwÞ ¼ 1 � a cosðNwÞ½ � þ ja sinðNwÞ (7.33)

Therefore the corresponding magnitude response can be written as:

Gfhcð jwÞj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 þ a2Þ � 2a cosðNwÞ

p
(7.34)

7.2.3 Discrete Fourier transform-based comb filter
As discussed in Section 2.3 in Chapter 2, the discrete Fourier transform (DFT) can
be adopted to create the finite-impulse-response (FIR) bandpass filter in (2.42) at
the selected harmonic frequencies as [38,39]:

FDFTðzÞ ¼
X
h2Nh

FdhðzÞ ¼ 2
N

XN

i¼1

X
h2Nh

cos
2p
N

hi

� �" #
z�i (7.35)

in which Fdh(z) denotes the bandpass filter for the h-th order harmonic, N is the
number of samples per fundamental period, h is the harmonic order, and Nh

represents the set of selected bandpass frequencies. Such a DFT-based FIR filter
actually produces unity gains at all selected harmonic frequencies (i.e., h 2 Nh) and
zero gains at other harmonic frequencies, as shown in Figure 2.10.

On the contrary, a DFT-based comb filter GDFTC(z) with the selected notch
frequencies, can be given as:

GDFTCðzÞ ¼ 1 � FDFTðzÞ ¼ 1 �
X
h2Nh

FdhðzÞ ¼ 1 � 2
N

XN

i¼1

X
h2Nh

cos
2p
N

hi

� �" #
z�i

(7.36)

which produces zero gains at all selected notch frequencies (i.e., h 2 Nh) and unity
gains at other harmonic frequencies.

In the same way of (7.19), the DFT-based comb filter in (7.36) can also be
developed by using the DFT-based RC in (2.44) as follows:

GDFTCðzÞ ¼ 1

1 þ ĜDFTðzÞ
¼ 1

1 þ FDFTðzÞ
1 � FDFTðzÞ

¼ 1 � FDFTðzÞ (7.36a)

The DFT-based comb filter GDFTCðzÞ in (7.36) provides a flexible selective
harmonic comb filter. Its computational complexity is independent of the number
of selected harmonics to be filtered. However, the implementation of GDFTCðzÞ will
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involve a large amount of parallel computations, which is proportional to the fun-
damental period N. Its implementation is suitable for high-performance fixed-point
digital signal processors (DSP).

7.2.4 Frequency-adaptive notch and comb filters
In practical applications, in the presence of frequency variations, the real funda-
mental frequency can be written as:

ŵ0 ¼ w0 þ Dw (7.37)

where w0 is the nominal fundamental frequency, and Dw is the frequency deviation.
The magnitude response of the notch filter in (7.16) around the harmonic

frequency (i.e. s ¼ jŵh ¼ jhŵ0) can be obtained as:

Gnotchð jhŵ0Þj j ¼ ðjhŵ0Þ2 þ ðhw0Þ2

ðjhŵ0Þ2 þ kðhw0Þðjhŵ0Þ þ ðhw0Þ2

�����
�����

¼ �h2ðw0 þ DwÞ2 þ h2ðw0Þ2

�h2ðw0 þ DwÞ2 þ kðhw0Þjhðw0 þ DwÞ þ ðhw0Þ2

�����
�����

¼ d2 þ 2d
d2 þ 2dþ jkð1 þ dÞ

����
���� ¼¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ k2

1 þ d
d2 þ 2d

� �2
s

(7.38)

where d ¼ Dw=w0 [20]. Equation (7.38) indicates that the gain of the notch filter at
the nominal harmonic frequency wh will not reach its minimum value unless d ¼ 0
(i.e., Dw ¼ 0). That is to say, the gains of the notch filter in (7.16) at the notch
frequencies are sensitive to frequency variations. As shown in Figure 7.13, it can be
observed that even a small frequency variation (i.e., �0.02%) will result in a sig-
nificant magnitude increase near the notch frequency.
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Figure 7.13 Magnitude response of the notch filter in (7.38) as a function of the
frequency variation
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If the interested harmonic frequency wh can be detected and updated in real
time, the notch filter in (7.16) can always produce zero or very small gain at notch
frequencies �wh. The frequency adaptive notch filter can accurately filter out
varying-frequency harmonics. To be differentiated from the notch filter in (7.16),
the frequency-adaptive notch filter can be written as:

GanotchðsÞ ¼ s2 þ ŵ2
h

s2 þ kŵhs þ ŵ2
h

(7.39)

where ŵh ¼ hŵ0 denotes the detected interested harmonic frequency, with ŵ0

being the detected fundamental harmonic frequency and h being the order of
harmonics.

In the same way, the actual fundamental frequency is again expressed as
ŵ0¼ w0 þ Dw¼w0(1 þ d), where Dw is the frequency deviation and d ¼ Dw/w0.
Using the Euler’s identity, the magnitude response of the comb filter in (7.23)
around the actual harmonic frequency (i.e., s ¼ jhŵ0) can be obtained as [32]:

Gfhcðjhŵ0Þj j ¼ 1 � ae�j2phðŵ0=w0Þ�� �� ¼ 1 � ae�j2phð1þdÞ�� ��
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 þ a2 � 2a cosð2phdÞp (7.40)

which implies that the comb filter no longer approaches its minimum gain at the
corresponding harmonic frequency when there is a frequency variation, i.e., d 6¼ 0.
It means that the comb filter in (7.40) is sensitive to the frequency variation.
Figure 7.14 shows that, the higher the harmonic order h is, the more sensitive the
magnitude response of the comb filter in (7.40) to the frequency variation is.

For all delay-based digital comb filters with a fixed sampling rate, such as the
digital comb filters in (7.27) to (7.29), the mismatch between the integer order
delay z�N and the time-varying fundamental period T0 will lead to the deviation on
harmonics rejection ability of the comb filter in the presence of harmonic frequency
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Figure 7.14 Magnitude response of the comb filter with a¼ 1 in (7.40) as a
function of the frequency variation
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variations. Actually, they are sensitive to the harmonic frequency variations. In
addition, the digital DFT-based comb filter is also sensitive to the harmonic fre-
quency variations since it assumes that the integer order N of its polynomial is
equal to the number of samples per period of the fundament harmonic frequency.
The DFT-based comb filter in (7.36) can be equivalent to one kind of time-delay-
based periodic controllers.

Similar to the delay-based periodic controllers in Chapter 5, the frequency-
adaptive digital comb filters with a fixed sampling rate can be obtained by adopting
FD filters-based fractional time-delay elements. For example, in the presence of
frequency variations, the number of delay elements NF ¼ fs/f becomes fractional.
Such fractional digital delay elements can be written as [23–25]:

z�NF ¼ z�Ni�F (7.41)

with Ni ¼ [NF] being the integer part of NF and F ¼ NF – Ni (0 � F < 1) being the
fractional part of NF and the fractional digital delay z�F can be approximated by:

z�F �
Xp

k¼0

Akz�k (7.42)

where p is the order of the Lagrange polynomial, k ¼ 0, 1, . . . , p, and the coeffi-
cient Ak can be obtained as:

Ak ¼
Yp

i¼0

i6¼k

F � i

k � i
k; i ¼ 0; 1; . . .; n (7.43)

Therefore, the frequency-adaptive comb filters in (7.26–7.28) can be written as:

GafhcðzÞ ¼ 1 � az�Ni
Xp

k¼0

Akz�k

 !
with Ni ¼ NF½ � (7.44)

GaohcðzÞ ¼ 1 þ az�Ni
Xp

k¼0

Akz�k

 !
with Ni ¼ NF

2


 �
(7.45)

GashcðzÞ ¼
a2z�2Ni

Xp

k¼0

Akz�k

 !2

� 2a cos
2pm

n

� �
z�Ni

Xp

k¼0

Akz�k

 !
þ 1

�a cos
2pm

n

� �
z�Ni

Xp

k¼0

Akz�k

 !
þ 1

with Ni ¼ NF

n


 �
(7.46)
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Figure 7.15 exemplifies the implementation of the frequency-adaptive digital
comb filter as given in (7.44), where rf (z) represents the filter input and uf (z) is the
filter output. As discussed in Chapter 5, the frequency adaptability is achieved by
feeding the detected frequency into the digital filters. Thus, the entire system per-
formance is dependent on the frequency detector, which is usually performed by a
PLL system in practice.

In addition, similar to the frequency-adaptive DFT-based RC, in the presence
of frequency variations, a frequency-adaptive DFT-based comb filter with a fixed
sampling rate can be obtained by replacing the unit delay z�1 with the virtual unit
delay z�1

v introduced in Chapter 5. The resultant frequency adaptive DFT-based
comb filter is then expressed as:

GaDFTCðzÞ ¼ 1 � 2
N

XN

i¼1

X
h2Nh

cos
2p
N

hi

� �" #
z�i

v (7.47)

For convenience, the virtual unit delay z�1
v as a frequency-adaptive approxi-

mated FD [53] is given again by:

z�1
v ¼ z�ð1þFN Þ � FNj jz0 þ ð1 � FNj jÞz�1 �1 < FN < 0

ð1 � FNj jÞz�1 þ FNj jz�2 0 � FN < 1

(

and

NF

N
¼ N þ F

N
¼ 1 þ FN

where N ¼ fs/f0 is the nominal integer number with f0 being the nominal frequency
and NF ¼ fs /f is the actual number of samples per fundamental period with F being
the fractional part of NF and FNj j ¼ F=Nj j � 1.

The frequency-adaptive DFT-based comb filter with a fixed sampling rate is
approximately equivalent to a frequency-adaptive DFT-based comb filter with a
variable sampling rate.
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Figure 7.15 Implementation of the frequency-adaptive digital comb filter in (7.44)
based on the Lagrange interpolation polynomial

232 Periodic control of power electronic converters



7.2.5 Periodic signal filtering for grid-connected converters
For grid-connected power converters, the PLLs are widely used to detect funda-
mental frequency and phase angle of power grid voltages for generating proper
reference signals for synchronizing their output voltages or currents with the grid
voltages. Under ideal grid conditions without any harmonics, unbalance, or DC
offset, the three-phase grid voltages only contain positive-sequence components.
With the clockwise rotating operation e�jwt, the ideal balanced three-phase voltages
(va, vb, vc) can be transformed into two constant DC voltages (vd, vq) in the dq
synchronous reference frame (SRF). In that case, a typical SRF-PLL shown in
Figure 7.16 can achieve a fast and precise detection of the phase angle and fre-
quency of the grid voltages, which has been widely used due to its ease of operation
and robust behavior.

Under unbalanced grid voltages, the three-phase grid voltages (va, vb, vc) can
be decomposed into symmetrical positive-sequence components (va(þ), vb(þ), vc(þ)),
negative-sequence components (va(�), vb(�), vc(�)), and zero-sequence components
(va(0), vb(0), vc(0)) as follows [40,41]:

vðþÞ
vð�Þ
vð0Þ

2
4

3
5 ¼ 1

3
	

1 a a2

1 a2 a
1 1 1

2
4

3
5 va

vb

vc

2
4

3
5 (7.48)

where (va, vb, vc) are the phasors of three-phase grid voltages (va, vb, vc), (v(þ), v(�),
v(0)) are the phasors of symmetrical positive-sequence components, negative-
sequence components, and zero-sequence components, and a¼ e j120
 is a unit
complex operator that shifts a phasor by an angle of 120
 counter-clockwise.
Furthermore, for three-phase three-wire systems, the zero-sequence components
will be omitted.

Unbalanced grid voltages usually occur in the presence of unsymmetrical grid
faults or heavy unbalanced loads, e.g., one or two phases shorted to ground or to
each other. For the grid-connected three-phase converters under unbalanced grid
voltages, the conventional control scheme in the positive-sequence SRF can only
regulate positive-sequence feed-in currents into the grid, and would worsen the
unexpected power oscillations due to the interaction between the grid voltages and
the negative-sequence feed-in current components. If the three-phase PLL system

va

vb vβ

vα vd

vq

ω0t

LF VCOvc abc

αβ

αβ

dq ω0

θ
+ +

Figure 7.16 Schematic diagram of the synchronous reference frame-based phase-
locked loop system, where the loop filter (LF) is usually performed by
a PI controller and VCO is the voltage controlled oscillator
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is not designed to be robust to the unbalance, second-order harmonic oscillations
will appear in the phase angle signal, thus in the current references. In addition, the
second-order harmonic ripple component in the DC-link voltage would also bring
pollutions into the current references for the current control loop. In such cases,
positive- and negative-sequence feed-in currents must be controlled independently
to avoid injecting power oscillations into the grid. For example, grid codes put
more and more stress on the ability of power converter interface distributed gen-
eration units to ride through such short grid disturbances.

Under unbalanced conditions, dual synchronous reference frame (DSRF)
current controllers [42–45], one for the positive-sequence and the other for
the negative-sequence reference frames are needed to independently regulate the
positive- and negative-sequence currents. Correspondingly, DSRF-PLL systems
are demanded to produce clean synchronization signals for the positive-sequence
and the negative-sequence reference frames, respectively. Under unbalanced grid
voltages, the PLL system must be designed to filter out the negative-sequence, and
produce a clean synchronization signal. An example of the DSRF-PLL systems
is given in Figure 7.17, where the interactions between grid voltages and
the opposite-sequence rotating reference frame give rise to ripples at twice the
fundamental grid frequency in both dq voltages (vd(þ), vq(þ)) and (vd(�), vq(�))
obtained from the Park transformation. Fortunately, proper frequency-adaptive
notch filters in (7.39) can be employed to filter out the second-order harmonic
ripples in (vd(þ), vq(þ)) and (vd(�), vq(�)), and then remove the unexpected second-
order harmonic ripples from the produced synchronous signals – grid fundamental
frequency ŵ0 and phase angle q̂.

In common cases, a large amount of grid-connected nonlinear/unsymmetrical
loads will inject high level current harmonics distortions into the grid, and then will
distort the grid voltages at the PCC (point of common coupling) due to the line
impedance. Grid voltage distortions will also inject unexpected harmonics into
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Figure 7.17 Dual synchronous reference frame based phase-locked loop for
unbalanced grid voltages
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the PLL. Similarly, proper comb filters can be employed to cancel out such har-
monics distortions to produce clean synchronization signals [46–48]. For example,
as shown in Figure 7.18, (6k � 1)-order harmonics with k ¼ 1, 2, 3, . . . , in the
distorted three-phase grid voltages (va, vb, vc) will lead to 6th, 8th, 12th, 14th, . . .
harmonics in the dq-voltages (vd, vq) after the Park transformation. An even-order
harmonic comb filter given below can thus be used to eliminate the harmonics in
the dq-voltages (vd, vq):

GcombðsÞ ¼ 1
T0s

1 � e�s
T0
2

� 

(7.49)

where the integrator 1/s is added to compensate the attenuation at the DC fre-
quency and will allow DC signals to pass [49,50], as compared in Figure 7.19.
Notably, the original comb filter in (7.49) (i.e., 1�e�sT0/2) can be derived
according to (7.22) by setting n ¼ 2 and m ¼ 0.

It can be observed from Figure 7.19 that the comb filter in (7.49) will allow
the DC component to pass and completely block the AC components with fre-
quencies of integer multiples of 2/T0. Obviously, even under unbalanced and
distorted grid voltages, the comb filter can also remove the second-order harmo-
nics from (vd, vq), and as a consequence, the PLL would produce clean synchro-
nization signals.

The discrete-time form of the comb filter in (7.49) can be written as:

GcombðzÞ ¼ 1
N
	 1
1 � z�1

	 1 � z�N=2
� 


(7.50)

Compared with the basis function in (2.56), it can be found that the comb filter
in (7.50) is actually a special case of the basis function in (2.56) with the harmonic
order m ¼ 0.

Furthermore, it is known that delay-based digital comb filters are sensitive to
grid frequency variations. In the presence of frequency variations, the following
frequency-adaptive comb filter could be employed:

GacombðzÞ ¼ 1
N
	 1
1 � z�1

v

	 1 � z�N=2
v

� 

(7.51)
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Figure 7.18 Synchronous reference frame-based phase-locked loop system for
distorted grid voltages, where the comb filter shown in (7.49) has
been adopted
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or

GacombðzÞ ¼ 1
N
	 1
1 � z�1

v

	 1 � z�Ni
Xp

k¼0

Akz�k

 !" #
(7.52)

where the definitions of z�1
v , Ni, N , and Ak can be found in (7.41) and (7.47).

Accordingly, the implementation of the frequency-adaptive comb filter given in
(7.51) is shown in Figure 7.20, where rf (z) represents the filter input and uf (z) is the
filter output. Such a comb filter shown in Figure 7.20 can cancel out unexpected
varying-frequency harmonics distortions in the output synchronization signals in
the PLL.
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Figure 7.19 Frequency responses of the comb filter in (7.49) with T0 ¼ 0.02 s,
which are also compared with the original comb filter derived
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Figure 7.20 Digital implementation of the frequency-adaptive comb filter shown
in (7.51)
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As shown in Figure 7.6, since current references for the inner current control
loop is the production of synchronized cosine signal cos q 0 from the PLL and the
output DC signal I�g from the outer voltage controller, both the synchronized
sinusoidal signal and the DC signal must be clean. However, due to the commu-
tation of the converter, harmonics ripples will appear in the DC-link voltage of the
power converter, e.g., the second-order ripple for single-phase H-bridge converters,
and the sixth-order ripple for three-phase bridge converters. It is clear that the outer
loop voltage PI controller cannot remove these ripple harmonics. Therefore, proper
notch filters can be added to eliminate these ripple harmonics in the detected
feedback DC-link voltage vdc, or resonant controllers are employed at the outer
voltage loop to suppress the unexpected ripples in the output I�g , and then the pro-
duced current reference signal i�g is clean. Moreover, as shown in Figure 7.21, in
case of the power grid with a varying frequency, frequency-adaptive notch filters
can be used to deal with the resultant harmonics.

What’s more, some other delay-based components might be needed in the
control system for the power converters. For example, as shown in Figure 7.22,
the T0/4 delay-based PLL [51,52,53] provides a very simple grid synchronization
method to single-phase grid-connected converters. The T0/4 delay-based PLL adds
a phase shift of �90
 to the single-phase grid voltage vg, and then creates ortho-
gonal signals va; vb

� �
for the PLL to detect synchronization signals. The digital

implementation of the T0/4 delay can be written as:

DT ðzÞ ¼ z�NT (7.53)
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Figure 7.21 Improved outer voltage control loop for the single-phase converter
shown in Figure 7.6, where wpll is the PLL output frequency
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Figure 7.22 Frequency-adaptive T0/4 delay-based PLL for single-phase systems
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where NT ¼ N/4 [ N, N ¼ fs/f0 [ N with fs being the sampling frequency and f0
being the nominal grid frequency.

Obviously the T0/4 delay in (7.53) is sensitive to grid frequency variations. In
the same manner of the frequency-adaptive delay-based comb filters, a frequency-
adaptive T0/4 delay can be obtained as:

DaT ðzÞ ¼ z�Ni
Xp

k¼0

Akz�k

 !
(7.54)

or

DaT ðzÞ ¼ z�NT
v (7.55)

where Ni ¼ [ fs/(4f )] with f being the actual grid frequency. In addition, as shown
in Figure 7.22, in order to remove the even-order harmonics appearing in the
dq-voltages (vd, vq), a frequency-adaptive even-order comb filter in (7.51) or (7.52)
can be added into the T0/4 delay-based PLL to enhance the detection accuracy for
synchronization signals.

In order to demonstrate the necessity and effectiveness of the virtual unit delay
in advancing the digital comb filters, simulations have been carried out on a single-
phase grid-connected inverter system referring to Figure 7.6. The system para-
meters are shown in Table 7.1. In this case study, the virtual unit delays have
been adopted to enable frequency-adaptive T0/4 delay-based PLL, according to
Figure 7.22.

First, steady-state performance tests are conducted under abnormal grid con-
ditions. Simulation results are shown in Figure 7.23. It can be observed that the
conventional T0/4 delay-based PLL will present frequency variations of twice the
grid fundamental frequency in the case of an abnormal grid frequency or a highly
harmonics-distorted grid voltage. It means that the T0/4 delay-based PLL is sensi-
tive to grid frequency variations and also has a poor harmonic rejection capability.
Hence, the virtual unit delay system DaT (z) in (7.55) is applied. As can be seen in
Figure 7.23(a), under an abnormal grid frequency ( f ¼ 50 Hz), the PLL system can

Table 7.1 Parameters of the single-phase grid-connected system shown
in Figure 7.6

Parameter Value Unit

Grid nominal voltage (peak) vg 325 V
Grid nominal frequency f0 50 Hz
Inverter-side inductor L1 3.6 mH
Grid-side inductor L2 4 mH
Capacitor of the LCL filter Cf 2.35 mF
Sampling frequency fs 10 kHz
Proportional gain of the LF (PI controller) 0.24 –
Integral gain of the LF (PI controller) 4.81 –
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estimate it accurately, being a frequency-adaptive T0/4 delay-based PLL. However,
its harmonic rejection capability is still poor, as shown in Figure 7.23(b). According
to the above discussion, the comb filter shown in (7.50) can be adopted to enhance
the harmonic immunity of the T0/4 delay-based PLL. Observations in Figure 7.23
have confirmed that the T0/4 delay-based PLL with a comb filter can estimate the
grid frequency accurately in the presence of abnormal conditions. Additionally, the
dynamic performance of the frequency-adaptive T0/4 delay-based PLL is shown in
Figure 7.24, where the grid frequency experienced a step change from 49.5 Hz to
50 Hz. It can be seen in Figure 7.24 that, the frequency-adaptive PLL system can
estimate the change within 150 ms. This settling time can be further tuned con-
sidering the PI-based LF settling time and the comb filter delay. Nevertheless, the
case study on the T0/4 delay-based PLL has demonstrated the effectiveness of the
virtual unit delay and the comb filters in advancing digital control technology for
grid-connected power converters.
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7.3 Summary

Control and filtering of periodic signals play critical roles in the control system for
power converters, especially the grid-connected converters. Good understanding
and full use of specific properties of periodic signals – the waveform shape and the
period – enable us to develop simple but very effective controllers and/or filters to
produce expected periodic signals or eliminate periodic disturbances. The internal
model principle (IMP) provides an excellent universal frame for housing various
periodic control technologies, and it enables us to gain insights into complex per-
iodic control problems. Regarding most recent progress of periodic control tech-
nology, two emerging topics on the PC of power converters are investigated in this
chapter as follows:

1. Periodic control for multi-period signals –
● Multi-period repetitive control
● Multi-period resonant control
● Frequency-adaptive periodic control of multi-period signals

2. Periodic signal filtering –
● Notch and comb filters and their discrete-time implementations
● DFT-based comb filters
● Frequency-adaptive notch and comb filters
● Periodic signal filtering for grid-connected converters.

As mentioned in the previous chapters, the proportional–integral–derivative (PID)
control is a special case of the IMP-based periodic control. The PID control offers a
simple but effective approach to DC signal regulation, and it is the most popular
control method in industrial applications. However, being a generalized PID con-
trol for periodic signals, the PC is still far away from the center of industrial control
stage, and it is an emerging topic. This book is written to motivate peers to
recognize the great potentials of the periodic control in extensive engineering
practice, and promote relevant research and applications.
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